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PREFACE 

The growing demand for algebra in the grammar 
schools has led to the preparation of this brief book; — 
an algebra which shall, in a year's school work, open up 
the subject in a simple and comprehensive manner, arouse 
interest, and lay the foundation for more effective work 
in the high school; and which shall, at the same time, 
place in the hands of pupils who leave school at the end 
of the grammar course a key that will unlock many of 
the mathematical intricacies they will meet. 

Although arithmetic is but the special application of 
algebra, the former, dealing as it does with the concrete 
and particular, is developed first, and the pupil has had 
seven or eight years of number work before he is intro- 
duced to the general subject of "literal arithmetic." In 
the ordinary method of treating algebra the student has 
been taught what, to him, is new reasoning with new 
nomenclature. It is the plan in this book to avoid this 
gap, and to tie the development of the principles of 
algebraic relations of quantities on to the special parallel 
cases with which the pupil is familiar in numbers. 

The order of treatment of the subject has been sug- 
gested by the new course of study of the New York City 
schools, as it seems to be the most rational and logical. 

This plan provides for the simple introduction of the 

various subjects in the first half of the year, with a review 

and an extended development in the second half. 
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4 PREFACE 

The plan may be seen in the Table of Contents. 

The arrangement into lessons by numbers in brackets 
— seventy-five for the first half year and seventy-five for 
the second half — is not to be considered as inflexible, 
but only as suggestive. It will be a good plan, however, 
to follow this rather closely, giving outside work when 
desirable. 

Problems involving intricate and complex conditions 
have been avoided. 

Optional Lessons are given for more advanced pupils 
or for review work. No new principles are presented 
in these ; they are intended' only for extra drill. 

In " Original Work," the pupils should present papers 
showing neatness and care. These exercises will be use- 
ful as a test of the pupil's knowledge of the subject. By 
posting the best work, great emulation can be secured. 
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A FEW WORDS IN BBQINNINQ 

Algbbba and arithmetic are two branches of mathe- 
matics that- are very closely related, and the general prin- 
ciples of one apply to the other. The knowledge you have 
acquired in your work in numhen will be made the basis 
for your advancement in the new subject of algebra. In 
this way each step will seem easy, and you will be de- 
lighted with the facility with which algebra will help you 
over the difficult places in arithmetic. 

In arithmetic you manipulate the numbers given, 
according to the conditions of the problem, 'to get your 
anmjoer. In algebra, you start with a quantity represent- 
ing that answer, and work backward until you reach the 
result required. It is as if you had the answer given and 
desired to prove it to be correct. 

Algebra is arithmetic broadened and made general ; in 
fact, it has been called "universal arithmetic." The one 
is no more difficult to understand than the other. 

You will first learn how numbers are represented in 

algebra. 

7 



8 HOW QUANTITIES ABJS REPRESENTED 

HOW QUANTITIES ARE REPRESENTED IN 

ALGEBRA 

[1] Consider, for instance, the statement : " Many horses 
are fast." This does not state how many; that is, it is a 
general statement without regard to a particular number. 
In algebra, letters are used to represent a general number 
— any number. We can use a letter, as a or i or c, to 
represent any number. 

Instead of saying " Many horses are fast," 
we can say " a horses are fast." 

Likewise for " Many horses are large," 

we can say " h horses are large." 

Again, for " Several cows are in a field," 

we can say "a; cows are in a field." 

Some of these, as a, are Jerseys, and some, as 6, are 
Alderneys, and the rest, <?, are Guernseys. Then we 
have a cows, and h cows, and c cows, or all together x ccws 
in the field. The sum of a cows and h cows and c cows 
equals x cows; or, expressed algebraically, 

a -\' b -\- c =^ X. 
This statement is general and is true for any numbers. 

1. 4 eggs, and 5 eggs, and 3 eggs are how many eggs ? 
4 ones, and 5 ones, and 3 ones are how many ones ? 
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4 a's, and 5 a's, and 3 a's are how many a's ? 
4 6's, and 5 6's, and 3 6's are how many J's? 
4 a;'s, and 5 a;'s, and 3 ic's are how many x'a? 

2. If an egg is equal in value to 3 ^, how much are the 
eggs in Example l worth? 

If a = 4 ^, how much are the a's worth? 
If 6 = 6 ^, how much are the J's worth? 
If a? = 10 ^, how much are the x's worth? 

3. 7 eggs + 8 eggs + 3 eggs -f 6 eggs are how many 
eggs? 

7 ones + 8 ones + 3 ones + 6 ones are how many ones? 
1 a -{- 8a + 8a + 6 a are how many a's? 
76 + 86 + 36 + 66 are how many 6's? 
1 X -\- Sx-\-Sx+ 6x are how many a:'s? 

4. If the value of an egg = 2^ ^, how much are the eggs 
in Example 3 worth ? 

If a = 4, to how much are the a's equal? 
If 6 = 5, to how much are the 6's equal? 
If a; = 2, to how much are the x'a equal? 

5. 6 eggs + 7 eggs less 9 eggs less 2 eggs are how many 
eggs? 

7 ones + 7 ones — 9 ones — 2 ones are how many ones ? 
6a+7a— 9a — 2a are how many a's ? 
6x+ 7 X— 9 x — 2x are how many x's? 

6. If the value of an egg = 2 ^, how much are the eggs 
that are left in Example 5 worth? 

If a = 6, to how much are the a's that are left equal ? 
If 6 = 6, to how much are the 6's that are left equal ? 
If a; = 1, to how much are the x's that are left equal ? 



10 HOW QUANTITIES ABE REPRESENTED 

ORIGINAL WORK 

Make up three examples like those on page 9, using 
other objects and other letters. Then assign values to 
the objects and letters and find the results. 

You see that the same signs are used in algebra as in 
arithmetic. 

[2] 7 + 9-8_2x3 = ? 

You have probably learned in your arithmetic work 
that operations of division and multiplication are to be 
performed on a quantity/ before the operations of addition 
and subtraction are performed. 

Thus, you first added 7 and 9 ; then you subtracted the 
quotient of 8^-4. You did not subtract the dividend 8 
from the sum of 7 and 9 and then divide by 4. This would 
have given you 2, instead of the right amount, 14. So 
in the case of 14 — 2 x 3, you must first multiply 2 by 3, 
then subtract the result, 6, from 14. This gives the correct 
amount, 14 — 6, or 8. 

What results do you get for the following ? 

1. 6 + 7-10-i-2 + 4x2 = ? 

2. ^ + 4x7-9x3 + i|-^ = ? 

o <j 

3. 17 + ^-|-2x4 = ? 

6 



BOW QUANTITIES ABE BEPBESENTED 11 

»• 4x5-1^ + 4-3x5 + 4x2 = ? 
3x2 

6. 8x3 + 4x|-3x4x2-?4^ = ? 

Would it make any difference in Example 6, if we 
should multiply 4 by 6 before dividing by 8? Try it. 
Why is the result the same? 

^ .,6x4-2x3 5x8-10 o 
"' * + 6 6— ^'^ 

3^x5^^ 3.5x5.5 4x2,7 o^« 
11 "^ 6 2 "*■ 



[3] 1. Since there are 4 quarts in a gallon, how many 
quarts are there in 6 gallons ? in 12 gallons ? 

2. Suppose we say there are x beans in a quart of 
beans. Then how many beans are there in 3 quarts? 
in 6 quarts? 

3. If X represents a certain number, how many times 
that number are Sx^ 7 x, 12 a;, axybx? 

4. How much greater is 6 6 than 2 i ? 

5. How much greater is 12 a than 8a? 

6. If a; is a particular number, how should you repre- 
sent J of that number ? f of that number ? 

7. How should you express the difference between 10 
and 6 ? 14 and 7 ? 

8. How should you express the difference between 3 a 
and a? 76and2J? 8a: and 2a;? 
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9. Indicate in full how you would express, without 
simplifying, the sum of 8 and 2 diminished by 3 ; the sum 
of 3 and 6 and 7 diminished by 5 ; the sum of 4 and 7 and 
6 and a. 

10. In the same way represent the sum of a and .6 ; 
c and d ; x and t/ ; a and b and c ; x and y and z ; a and c? 
diminished by y ; a divided by 6. 

ORIGmAL WORK 

[4] Make up three examples like the above. 

PROBLEMS 

1. If there are a apples in a barrel, how many apples 
are there in 7 barrels ? in 12 barrels ? in a barrels ? 

2. If a man earns b dollars in a day, how much will he 
earn in a week ? in a month ? in a year ? 

3. If a man earns m dollars a week, how much will he 
earn in b weeks ? 

4. How old were you 5 years ago? How old shall 
you be 10 years hence ? 

5. . If a man is c years old, how old was he 3 years ago ? 
10 years ago ? a years ago ? How old will he be d years 
hence ? e years hence ? 

6. If a man earns c dollars a day, how much will b men 
earn ? x men ? 

7. A man gave a dollars for a suit of clothes, b dollars 
for a hat, and b dollars for a pair of shoes. How much 
did he spend ? 

8. If a huckster sold a bushels of apples at b cents a 
quart, how much did he get for all ? 
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OPTIONAL WORK • 

1. If a man bought a horse for a dollars and sold it for 
b dollars, did he gain or lose ? Express the transaction. 
When would he gain ? When would he lose ? 

2. A dealer bought d tubs of butter at a cents a pound. 
If each tub contains 60 pounds, how much did he pay ? 

3. A man has a dollars. If he owes b dollars to one 
man and c dollars to another, how much is he worth ? 



ORICniAL WORK 

[5] Make up five problems involving letters, and indi- 
cate the solution. 

EQUATIONS 

[6] 1. If 4 a; is equal to 20, how much does x equal ? 

2. If 3 a; = 9, how much does x equal ? 

3. If 6 y = 12, how much does y represent ? 

4. If 7 2 = 28, what is the value of 2 ? 

Find the value of x : 

5. 2a; =6. 7. a; = 9-3. 9. 3a: + 7=22. 

6. a; + 4=7. 8. 2a;=12 — 4. 10. 2a; — 4 = 12. 

The above are called equations. An equation is an expres- 
sion of equality between two quantities or sets of quantities. 

ORIOmAL WORK 

1. Make up an equation, using a;, 9, and 3. 

2. Make up three equations, using a;, a, and b. 

3. Make up three equations, using x and one or two 
figures, or other letters. 

* Optional work is intended for advanced pupils or for review work. 
(See I^eface.) 
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PROBLEMS 

[7] A farmer has 100 bushels of apples in two bins. In 
the larger one he has 3 times as many bushels as in the 
smaller one. How many bushels has he in each ? 

The solution by arithmetic would be about as follows : 

Number of bushels in smaller bin + number in larger bin = total 
number bushels. 

Number of bushels in larger bin = 3 times number in smaller bin. 

Hence, number bushels in smaller bin + 3 times number bushels in 
smaller bin = total number of bushels. 

Or, 4 times number in smaller bin = 100. 

Number in smaller bin = 25. 

Number in larger bin = 3 times 25, or 75. 

Algebra enables us to express all such complex state- 
ments in simple form. Let us say : 

Let X = number bushels in smaller bin. 

Then 3 x = number bushels in larger bin. 

Or, 4 X = number in both bins. 

4a: = 100. 

X = 25, the number of bushels in the smaller bin. 
3 x = 75, the number of bushels in the larger bin. 

Solve the following : 

1. The sum of two numbers is 20, and 8 is one number. 

What is the other? 

2. The sum of two numbers is 60, and the greater is 
4 times the less. What are the numbers ? 

3. The sum of two numbers is 40, and the greater is 
10 more than the less. What are the numbers? 

4. The sum of two numbers is 30, and one number is 
twice as large as the other. What are the numbers? 
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5. Bryant had a roll of bills containing five-dollar bills 
and one-dollar bills. The value of the roll was $ 240. If 
there were as many one-dollar bills as five-dollar bills, how 
many of each kind were there ? 

6. At another time he had a roll of five-dollar bills, 
two-dollar bills, and one-dollar bills, there being the same 
number of each. If the value of the roll was $88, how 
many of each were there ? 

7. There are 600 persons in a crowd consisting of men 
and women, and there are twice as many men as women. 
How many of each are there ? 

8. If a vest costs f 6 less than a coat, and if both cost 
$20, how much does each cost? 



OPTIOlffAL WORK 

1. A suit of clothes cost f 21; the coat cost twice as 
much as the trousers, and the trousers twice as much as 
the vest. Find the cost of each. 

2. Tom has 400 pens. He has in one box 100 more 
than twice the number in the other box. How many has 
he in each ? 

3. If a horse cost 4 times as much as the harness, and 
both cost $200, how much did each cost? 

4. There are 150 cows on a dairy farm. There are 
8 times as many in the middle field as in the small field, 
and twice as many in the large field as in the middle field. 
How many are there in each field? 
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ALQEBBAIC EXPRESSIONS 

[8] The terms of an algebraic expression are the parts 
connected by the signs + or — . Thus, 

In a + b there are two terms. 

In a 4- i — ^ there are three terms. 

In axb-i-c X d — e X f+ x-^y there are three terms. 
Indicate them. 

In the absence of a sign before a quantity in arithmetic 
or algebra, the + sign is understood; but the absence of 
a sign between qiiantities represented by letters has a dif- 
ferent meaning in algebra from that in arithmetic. 

Thus in the expression a -f a;, 7 + a;, quantity a is used 
additively, as is the 7. 

But consider the expressions aJc, 345. When signs are 
absent between letters, x is understood. Whereas 345 
means 300 + 40 + 5, abc means a xb x c. 

What does xyz mean? 272? 

THE PARENTHESIS 

Is there any difference between 12 + 8-5-2 and 8-8-2+12? 
Between 6 + 3 x 2 and 3 x 2 + 6? 

If we desire to add 12 and 8 in the first example before 
dividing by 2, we must have some way of showing it. The 
parenthesis () is a device used for this purpose. It is 
used to inclose quantities that are to be treated as one 
quantity. Thus, 

(12 + 8) -^2 means 20-^2, and is different from 12 + 8^2, 
which means 12 + 4. 

How should you write the expression 6 + 3 x 2, so that 
the result shall be 18 instead of 12? 
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Express the following by the proper signs : 

1. Add 6 to 12, and divide the result by 3. 
Add 6 to 12 divided by 3. 

Is there any difference in the result ? How much ? 

2. Subtract 10 from 24, and divide the result by 2. 
Subtract 10 from 24 divided by 2. 

Explain these expressions. 

[9] 3, Add 4 to 8, and multiply the result by 3. 
Add 4 to 8 multiplied by 3. Explain. 

4. Add 6 and 4 and 5 and 3, and divide the result bv 2. 
What would be the result if we changed the expression 

tothis: . 6-5-2 + 4 + 5 + 3? 

Or to this : 6 + 4-^2 + 5 + 3? 

Or to this : Add 6 and 4, and divide the result by 2 ; 
then add 5 and 3 to the result. 

Find the value of each of the following expressions. In 
the four examples we have the same numbers, but the 
position of the parenthesis is different. 

5. (8 + 4 + 6 + 2)-f-2. 7. (8 + 4) -5-2 + 6 + 2. 

6. (8 + 4 + 6) + 2-j-2. 8. (8 + 4)-5-2 + (6 + 2). 

Are the last two the same ? Why ? 
What does the following expression mean ? 

(a + i + c + rf) -^ e. 

How do the following expressions differ ? 

9. 3 X 4 + 6. 10. a xb-\-c. 

3x(4 + 6). ax(b + c). 

pottbr's alo. — 2 
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OOBFPICIBNTS 

[10] 3 apples and 4 apples and 2 apples are 9 apples. 
3 a and 4 a and 2 a are 9 a. 

3 X and 4 x and 2 a; are 9 x. 

The 9 in each case shows how many times the quantity 
is taken additively. It is called the coefficient. 

Point out the coefficients in 4 a;, 6 A, 6 rf, 14 y, 37 m. 

In the expression ax^ the a may be regarded as the 
coefficient of x^ and means that x is to be added a times. 

x + x + x-\-x + x and so on to aa?'s = ax. 

In the expression 9 oo;, 9 may be regarded as the coeffi- 
cient of ax^ or 9 a as the coefficient of x. 

Hence a coefficient is a figure or a letter placed before a 
quantity to show how many times it is taken additively. 

When no coefficient is expressed, 1 is understood. 

Write five quantities and name the coefficients. 

ft 

EXPONENT 

How can you express 3x3x3x3x3 in one term ? 

How many 3's are used ? How are they used ? 

If we use 3 twice as a factor, we can express the result 
by 3^ or by 9. 9 is called the second power of 8. 

If we use 3 four times as a factor, we can express the 
result as 3*. The product, 81, is the fourth power of 8. 

What does 2» mean ? a^ ? 4^ ? a^ ? ar^ ? 

The power of a quantity is expressed by a small figure 
or by a letter, called an exponent, written a little above the 
quantity at the right. 
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When no exponent is written, the exponent 1 is under- 
stood. > 

a^ is read: "a square." 

a* is read: "a cube." 

a* is read: "a fourth power." 

a^ is read: "a exponent w." 

a* is read : "a exponent J." 

a"* is read : "a exponent —2." 

Read the following and state what each means : 

4», a^ A«, a;^, y^ a», J^ e^ 3a', BJ'; 
a2 + 6^ 2a»-6», a' + TS'-c^^^. 

ox' 4- hcf/ — a5(?(2. 

OtUGnr AL WORK 

Write ten quantities and name the coefficients and the 
exponents. 

POSITIVE AND NEGATIVE QUANTITIES 

[11] Positive and negative terms are those which are 
opposite in character. 

Thus we regard a man's property, or his assets, as posi- 
tive because they increase his wealth, and his debts as 
negative, because they decrease his wealth. 

If the direction north is called positive, the opposite 
direction, south, is called negative. 

Up is generally regarded as a positive direction, and 
down as a negative direction. Thus on a thermometer 
the degrees above zero are marked + and below zero, — . 

Positive quantities are represented by the + sign. 

Negative quantities are represented by the — sign. 
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Place the proper signs before the quantities in the fol- 
lowing examples to indicate their true relation : 

1. A man had property worth $10,000, and owed 11^2000. 
How much was he worth ? 

2. A boy ran 100 yards east, and then 50 yards west. 

3. A man had $50, and spent $20. 

4. A man had $10, earned $15, and spent $5. 

5. A man had 50 sheep. He bought 20, and sold 30. 
He then bought 60, and sold 70. How many had he ? 

ORIGINAL WORK 

Make up three problems illustrating positive and nega- 
tive quantities. 

[12] The value of an expression is the same, no matter 
in what order the terms are written. 

Thus, 8 + 7-3 + 4-6 

is the same as 8 — 3 + 4 — 6-1-7. 

And a+6 + c — rf— « 

is the same as — rf + a — e + 6 + c. 

Rewrite these in another way, remembering that the 
sign before a term belongs to the term. 

Write three expressions and then change the position 
of the terms. 

If no sign is expressed, + is always understood. Thus 
in the expression a the sign is +, the coefficient is 1, and 
the exponent is 1. 
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Similar or like terms are terms that have the same let- 
ters with the same exponents. All others are unlike or 
dissimilar. 

Thus : 7 a^, — 3 a^, 4-6 a^ are similar terms. 

3 a^^ 2 a^J^, 7 a^c^ are dissimilar or unlike terms. 

ORICmAL WORK 

Write five similar terms ; five dissimilar terms. 

[13] An algebraic expression of one term is called a 
monomial. 

An algebraic expression of two terms is called a 
binomial. 

An algebraic expression of three terms is called a 
trinomial. 

An algebraic expression of two or more terms is called 
a polynomial. 

Are binomials and trinomials polynomials ? Why ? 

Classify the following expressions as above : 

1. 3a2. 3. 2x + St/. 5. 2z-i-iab-{-6c—8dx. 

2. 2a-{-ib-{-c, 4. ax+bx+cx. 6. 2a-f-c-f 7a;y— 3a;-5-y. 

ORIGUfAL WORK 

1. Write two similar terms. 

2. Write a binomial having two similar terms. 

3. Write a trinomial with one positive and two negative 
terms. 

4. Write a polynomial of five terms, four being similar, 
and three positive and two negative. 

5. Write a polynomial of six terms, all positive and 
similar. Can you express it as a monomial ? 
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SUBSTITUTION 

[14] If a = l, 6 = 2, (? = 3, d = 4, « = 6, /=6, ^ = 0, 
n = J, a; = 8, y = 10, 2 = 100, find the value of each of the 
following : 

1. 4id. 4. 7y. 7. 2<?. 10. 2y2. 13. 2cP. 

2. 368. 5, 6 A 8. 6n. 11. 2 (P. 14. 6/2. 

3. 4w. 6. a?. 9. 14 y. 12. 7 a*. 15. 8 A 

[15] 



ae. 


Zx. 


^ 23. 


rfl. 




30. 


y*. 


17. 


2z. 


24. 


8ffi. 

4 A 




31. 


10 

abe + <fx. 


18. 


7rf. 


25. 


i^- 




32. 


e^-bd. 


19. 


9A 


26. 


a + 6 + c 


+ d. 


33. 


26«+3ca. 


20. 


4 a. 


27. 


6a; H- cd. 




34. 


5c» + 6». 


21. 


2e*. 


28. 


Sale. 








22. 


7y8. 


29. 


2 an. 




35. 



[16] 

36. 4a+3rf+c2+23+/2_a, 42. m(fl?+*'+c»+ea+a?). 

37. 4w + c2_2«. 43. (o + e)-(/-d). 

38. 6* + »<P. « 

a* + 7a;4-2y. e 

40. arfn + e7w---2^ + -^+/. 45. 6(a + rf). 

2e aa 

46. y(2-12a:). 

41. aa. + «y-f^-A ^^ , + (y2 + 3, + i0y). 
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[17] If a=:2, J = 4, (? = 6, d = 8, rc=:l, y=:3, « = 5, 
» = J, find the value of : 

48. 3aaj. 3y 2 62 a(rf-f-6) 

51. "s^ • 54. 7"* ^'« • 

ocn ad en 

55. • So. — = . 

y on 

56a —^—' 59. 3 . 

c — a aw 



49. -. 

a 




50. ^. 


4y 


ORIOIHAL WOSK 





Make up three examples using the values given above. 
? = 25. ? = 12. ? = 10a 



OPTIONAL WORK 

Using the values given above, find the values of : 

1. d^V^Affi — aS^y^T?. ac—hn 

adn — bny 



2. z^ + c^—icn. 



^ y(«' + c2) 



2(62 - 3 a2) 
CL X n y 



7. 



cy — x{d^a — x) 



^ 2 an , 5 6 ^ ^-V- cibrfl 

4. ^ , + --T-' 8. 



4 6w2 d2 a2|i2 _|_ ^yj,2 



If a? = 2, y = 6, 2 = 4,* find the values of : 

^ a^(y2 - g2) - g (a; + g) ^^^ r^ + 22;y + y^ 

y — a;-j.g2_3 • •a;2_2a;y + y2 
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[18] 1. How many nuts are 6 nuts and 4 nuts? 
How many a's are 7 a and 6 a and 4 a and 3a? 
How many xy's are 2 xy, xy^ 8 xy^ and 4 a:y ? 
Add 4 6, 7 6, 8 6, and 2 6. 

What did you learn on page 19 about positive and nega- 
tive quantities and their signs ? 

2. A man had *20. He earned $13 one week, $12 
another, $15 the third, and $14 the fourth week. He 
spent $10 for rent, $20 for food, $4 for coal, and f 12 for 
clothes. How can we represent his financial standing? 
What he had and what he earned evidently increase his 
wealth ; hence are positive. The sums he spent decrease 
his wealth, and are negative. Therefore he has, 

$20+$13 + $12 + $15+$14-($10+$20 + $4+$12), 
or $74 -$46 = $28. 

3. Again, a man earned during 4 weeks $ 8, $ 10, $12, 
and $12 respectively. He bought as follows: groceries 
$16, coal $10, clothes $14, and paid $8 for rent. If what 
he earns is positive and what he owes is negative, we have 

$8 + $10 + $12 + $12 -$16 -$10 -$14- $8, 
or $42-$48 = -$6. 

What does this signify ? How shall we represent it ? 

How many are : 

4. 3 apples and 4 apples? 6. 3 apples and 4 pears? 

5. 2 a and 5a? 7. 3 a and 46? 

Which of these examples can be expressed in a single 
term? What kind of terms have they ? (See page 20.) 
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Addition is the process of combining two or more quan- 
tities into the simplest expression, called their sum. 

Only similar terms can be united into one term by 
addition, but with dissimilar terms the addition may be 
expressed. Thus, x and y cannot be united into one term 
by addition, but their sum may be expressed as a; + y. 

[19] I. Similar terms having the same sign. 

Add : • 

1. 2. 3. 4. 



2a 


4y 


4:xy 


2 ax 


3a 


3y 


3xy 


Sax 


4a 


&y 


4ixy 


9 ax 


5 a 


2y 


2xy 


2 ax 


5. 


6. 


7. 


8. 


7y2 


3a2 


Qy^Z^ 


9 abc 


2y2 


4a2 


iyh^ 


6abc 


3y2 


5a2 


2yH^ 


4 abc 


8y2 


9a2 


8^/222 


6 abc 


9. 


10. 


u. 


12. 


-3a 


3(a + 6) 


-"dxy 


-6(x-y) 


-4a 


4(a + 6) 


— ixy 


-8(2:-y) 


— 5a 


(a + 6) 


-Gxy 


-3(a;-y) 


— 6a 


6(a + J) 


-Ixy 


-2(2:-y) 



What kind of terms are in each of the above examples ? 

What are the figures before the letters called ? 

What can you say of the signs ? 

What is the sign in the sum ? 

Make a rule for adding similar terms with the same sign. 
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ORIGIVAL WORK 



Bring in five examples in addition of similar terms with 
like signs. 

[20] U. Similar terms with different signs. 

Add: 



1. 


2. 


3. 




4. 


5. 


14 


-12. 


16 dollars 




9/ 


8ff 


6 


-6 


7 dollars 




U 


5c 


-7 


18 


— 3 dollars 




6^ 


-3c 


-3 


-5 


— 6 dollara 


-12^ 

9. 


-7c 


6. 


7. 


8. 


10. 


3 aft 


6xt/ 


6a%^ 


-4xy2 




2(a + 6) 


-2a6 


-4a;y 


--laW 


"^Xf 




3(a 4- 6) 


-4a6 


-xy 


2aW 


xy^ 




7(a + 6) 


, 7 ab 


-Sxy 


aW 


xf 




- 9(a + J) 



Write as above and find sum : 

11. 6a + 4a — 7a — 2a. 

12. 2tf4-9<?— 3<? — (? — c + (?. 

13. 1 xy — 1 xy + ^ xy ^ xy. 

14. 4aV-a2c2 + 7a2c2+3a2A 

15. 9a62 + 7a62 + 16a6a-10aJ2-4a52-a62. 

What kind of terms are in each of the above examples 
from 1 to 15? 

4 

What can you say of the signs? 
How did you find the sum? 
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ORIGINAL WORK 

[21] Make up three examples like those on page 26, 
and find their sums. 

in. Polynomials. 



Add : 1. 


2. 






3. 4. 


a+ 6+ c 
3a + 26-2<? 
3a+46- e 
2a-66+3c 


66-4c 
86-f4(?- 
76-6(?- 
26-6c- 


■ d 

•4d 

■ d 




a a 

6 6 

c 


5. 


6. 






7. 


a ax-^ ay 

— 6 ^ax — Say — Saz 

— (? 2ax^2ay—2az 

— d -^^ax + iay + iioz 


— 


2 
4 
6 
2 


a + 3(6 + (?) 
a - 4(6 + (?) 

a + 2(6-hO 
a — 5(6 + (?) 



[22] Write as above and add. Be careful to write 
similar terms in the same column. 

8. a + 36-2<? + 2a + 26 + (? + 4a-26 + 2(?. 

9. ax — by'-2d + 2ax — Sby + 4:d + ^ax + 2by-8d. 

10. 3aa-46a-2o2-4a2 + 2 62-6c2 + 4a2 + 262-f-2A 

11. 2a:8+22/8-328-Jic8-^y8-j28+2^a;8_i^j^^.j-258. 

12. 3 a6 + 7 a62 + 4 a26-2 a6-6 a62-2 a26 + 6 a6 + 3 a^ 
-7a62. 

What kind of algebraic expressions are the above ? 
What must be done before you can add them ? 
How do you add polynomials ? 

ORIGINAL WORK 

Make up two examples like the above and find their sums. 
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[23] IV. Dissimilar terms with a common part. 

Add 7 a and 6 a. 

The sum is 13 a or (7 + 6) a. 

The latter expression is not in its simplest form. 

Express in the same way : 

1. 6 c + 4 (?. 3. 3 ary -f 2 xy. 

2. 7dl + 2rf. ^. 4: cd -^ 7 cd. 

Add ax and bx. 

In this case a and b are to be regarded as the coefficients 
of X. 

We have a x's and b a:'s, which, as above, are (a 4- b^x. 

Add in the same way : 

1. 2. 3. 4. 



ac 


ax 


ay^ 


ax 


be 


bx 


-by^ 


X 




ex 


cy^ 




5. 


6. 


7. 


8. 


a^x + y') 


w (a -f- 6) 


4(a:-y) 


(xhn 


bix-^-y') 


-4(a + S) 


«(^-y) 


bhn 






b(x-y^ 


chn 




PROBLEMS 







[24] 1. A boy had a marbles. He won 6 marbles 
from George, and e marbles from Fred, and d marbles 
from Bert. Express how many he then had. 

2. A man had a dollars and earned b dollars. He 
found c dollars, and had b dollars given to him. How 
many dollars had he then? 
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3. A man had a horses. He bought h horses of one 
man, and a horses of another. How many had he then? 

4. Frank is d years old. Fred is twice as old as Frank ; 
and their father is twice as old as both together. How 
old is their father ? 

5. A lady spent c dollars for a dress and b dollars for 
a hat, c dollars for shoes, and as much for a parlor suit as 
she spent for all of these. How much did she spend for a 
parlor suit, and how much for all ? 

6. A man bought a carriagie for a dollars. He gave 
3 times as much for a horse, and J as much for a harness. 
How much did they all cost ? 

7. A wholesale merchant had a carload of sugar. He 
sold a barrels to one man, 9 barrels to another, 6 barrels to 
another, and d barrels to a fourth. How many barrels 
did he sell ? 

8. A man began business with 2 a dollars. The first 
year he gained h dollars, and the second year he lost a 
dollars. How much did he then have ? 

9. Frank rode a miles on the cars. He then rode b 
miles on his bicycle and walked c miles. How far did he 
travel ? 

10. I paid m dollars for my fare to Chicago, n dollars 
for a sleeper, and p dollars for meals. My other expenses 
were r dollars. How much did I spend ? 

11. A man bought a wagon for m dollars, a harness for 
n dollars, and a horse for the price he paid for both. He 
sold the whole outfit at a gain of « dollars. How much 
did he get for it? 




> J 
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OPTIONAL WORK 
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Add: 

1. Sax+7 ay'\-iaz^ Sax-^iay—Saz, 9ax+2aif+4az^ 
2 az — 12 ax —6 ay. 

2. 3a + 7i-2c, 4a-96 + 8rf, 6<?-4a + 4c— 2(i, 



3. 3a? + 4« + 8y, 2Ja:-lJ«-4Jy, 



3aj-62-^y, 



4. iahc + 6hy^-'27?f, 2a^"-4a?y2- 5 6y», 2a?y3 + 
4 a^a; — 3 Jy^^ 

5. 6(?2-4c8-.3(j + 4, 9c8 + 4(?-8,7c»-6<? + 12. 

6. ax + (?^ + xy, hx+ cy + Z xy. 

7. 2(a + S) + 3(6 + (?), 4(a + 5) + 5(J + (?), 2(a + i) 
-9(6 + 0- 

8. 4(a:-y)-3(a: + y)-6, J - 3(a; - y)+ 4(rr + y), 
3J + 3(a;-y) + 2(a: + y). 

9. ^ax + ^xy + ^z, ^ax-^xy-^z, ^xy-^^ax + ^z, 
lax + \z-^xy. 

10. Ja2-f J2+i,2, Ja^ + Jja-Ji, |a»-^c» + Jd, 



ORIGINAL WORK 



Make up two problqpis in addition like the above and 

solve them. 
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SUBTRACTION 

[25] On page 19 you learned something about positive 
and negative quantities. You learned that these quanti- 
ties are represented by the signs -f and — . 

You have also dealt with these in addition. 

In arithmetic you dealt only with positive quantities; 
that is, quantities greater than zero. 

In algebra you will deal with quantities greater than 
zero and quantities less than zero. 

Subtraction is the process of finding the difference of 
two quantities. 

The minuend is the quantity from which the other is 
subtracted. ' 

The subtrahend is the quantity to be subtracted. 

The difference or remainder is the quantity left after 
subtracting. 

Take the series of numbers above zero, as follows : 
1, 2, 3, 4, 6, 6, 7, 8, 9, 10, etc. These are all positive 
quantities. 

Now, if we extend the series below zero, it must repre- 
sent the quantities "less than zero," or negative, or — . 
We shall have a series from — 10 up through to + 10, 
as 

-10, -9, -8, -7, -6, -6, -4, -8, -2, -1, 0, 1, 2, 8, 4, 6, 6, 7, 8, 9, 10. 

If we go toward the rights the values increase, that is, 
we add; if toward the left^ they decrease, that is, we 
subtract. 

Let us apply this idea of positive and negative direction 
to the solution of a few examples. 
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-10, -B, -8, -7, -8, -5, -*, -8, -2, -1,0, 1,*, 3,4. 8,6, T, », B, 10. 

I. Subtract 2 from 8. 

As no 8^ is expreased, + is, of course, understood before the 2 
and the 8. 

In the above series, if we subtract 2 from 8, we most move in 
the negative direction, to the left, 2 places from 8, and we reach + 6. 
Hence 2 from 8 equals 6. 

II. Subtract 8 from 2. 

To subtract 8 from 2, we move 8 places to the left from 2 and 
reach — 6. Hence 8 from 2 equals — 6. 

III. Subtract 2 from - 8. 

To subtract 2 from - 8, we move two places to the left of — 8 and 
reach — 10, Heuce 2 from — 8 equals — 10. 

IV. Subtract 8 from - 2. 

To subtract 8 from — 2, we move eight places to the left of — 2 
and reach — 10, Hence 8 from — 2 = — 10. 

Can you explain why HI and IV give tlie same results? 

V. Subtract - 2 from 8. 

If we subtract 4 from 8, the result is 4 ; if we subtract 3 from 8, 
the result is 5 ; 2 from 8, the result is 6 ; I from 8, the result is 7 ; 
from 8, the result is 8 ; — 1 from 8, the result must be 1 more than the 
result when is subtracted from 8, or B, for — 1 is 1 less than 0; —2 
from 8, the result is 10. That is, when we fublract a negative quantity 
(a quantity less than zero), the result is the same as adding a positive 
quantity. 

Hence, to subtract — 2 from 8, we must go the right in a positive 
direction two places from 8, and we reach 10. Heuce — 2 from 8 
equals 10. 

VI. Subtract - 8 from 2. 

To subtract — 8 from 2, we move eight places to the right from 2 
(as explained in V) and reach 10. Hence — 8 from 2 equals 10. 
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VII. Subtract - 2 from - 8. 

To subtract — 2 from — 8, we move two places to the right from 

— 8 and reach — 6. Hence — 2 from — 8 equals — 6. 

VIII. Subtract - 8 from - 2. 

To subtract — 8 from — 2, we move eight places to the right from 

— 2 and reach + 6. Hence — 8 from — 2 equals + 6. 

Let US arrange these eight examples in the form of 
subtraction. 



Subtract : 

I. 11. III. IV. V. VI. 

8 2-8-28 2 

2 _8 2 8 -2 -8 

6 -6 -10 -10 10 10 



VII. 


VIII. 


-8 


-2 


-2 


-8 



-6 



In algebra, as in arithmetic, the difference is that quan- 
tity which when added to the subtrahend will equal the 
minuend. 

It will readily be seen in each of the above eight exam- 
ples that the difference could have been found by changing 
the sign of the subtrahend and adding it to the minuend. 



[26] Write a series of integers from — 20 to + 20, and 
solve the following eight examples. 



Subtract : 














1. 2. 


3. 


4. 


5. 


6. 


7. 


8. 


16 3 


-12 


-6 


13 


5 


-19 


-2 


4 11 


7 


8 


-6 


-14 


-4 


-10 


FOTTEB'8 ALO. 


— 3 
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Now rewrite Examples 1 to 8 on page 33, and change 
the signs of each subtrahend and add it to its proper 
minuend. Are the results the same? 

[87] Inspect the following eight examples, and see 
whether the difference can be found by changing the 
sign of the subtrahend and adding it to the minuend. 

1. 2. 3. 4. S. 6. 7. 8. 

lla: 4x 11a: -ix ix -l\x —Ax -Wx 

ix llg -ix llg; -llj 4^ -11a; -4z 

Ix -7x 15x -Ux 16* -15a! Tar -7x 

Rule. Write the avhtrdhend under tJie minuetid with 
timilar terms in the same column. Consider the sign of 
each term of the subtrahend to he changed from + to — and 
— to +, and add to the minuend. 

Copy the following examples, and Snd the difference by 
applying the above rule. 

Test your work by adding the difference to the sub- 
trahend and seeing whether the result equals the 
minuend. 



24 y 



Subtract: 










1. 


2. 


3. 


I. 


6a 


8S 


14 1: 




2a 


36 


3x 



d 
9i 







SlTBrB^CT/O^' 




S6 




1. 


2. 


3. 


4. 


5. 


III. 


-4a 


-17a2 


-13a8 


-27 a* 


-16a6 




2a 


7a2 


9a8 


13 a* 


3afi 




1. 


2. 


3. 


4. 


5. 


IV. 


-3(? 


-9aJ 


— 6m^ 


-2xy 


-^y^ 




8c 


14 aJ 


Tnfi 


bxy 


Sx^f 


[28] 


1. 


2. 


3. 


4. 


5. 


V. 


7w 


12 (? 


4a& 


9aa 


4d 




-3w 
1. 


-7(7 
2. 


— aJ 
3. 


-2aa 


-rf 




4. 


5. 


VI. 


12 a2 


2a(? 


4a:y 


z 


19 z2 




-17 a2 


— 6ac 


-9a;y 


-42 


-25^2 




1. 


2. 


3. 


4. 


• 

5. 


VII. 


-8m5 


-12 w* 


-7m8 


-3w2 


-9m 




— m^ 


-2w* 


— 7W^ 


— TW^ 


-8m 



1. 2. 3. 4. 5. 

VIII. -7&C -9J2xa ~6J3a^ -12J*a:* -6V 
-136a: -17 62ar^ -9 68a:8 -146*a:* -5b^2^ 

MISCELLANEOUS EXAMPLES IN SUBTRACTION 

[29] (Be careful to write only similar terms in the same 
column.) 

Subtract : l. 9 aa; from 17 ax. 

2. 3 ay 4- 4 6 from 6 ay — 4 6. 

3. 3a + 46 — (? from 9 a — 7 6 + e?. 



i 
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4. 6a: + 5 from9*— 17. 

7. a8-2a6 + 6>froma'+2a[i + 6*. 

a 12aa-17a'W + 4aa:froml0aa + 6aa:-12a»i:». 

9. aa+3a''i + 3a6!' + 6afromJ=-3a6> + 3a=J-a«. 

10. 4 m* + 6 JM^ — 9 n". f rom 4ni' + 6m'» — 9n'+ 7. 

11. From 8j:» + 9x^/ + 7a^-3t/' take S2a+7s"+6a:"- 
9a;y + 10. 

12. From 6a: + 4 take 7-6a: + 3y. 

[30] 13. From 0= + 6« take «» + 3 a'i + 3 ai> + J«. 
14. From d8+320a-140m + 167i-100a' take 160o- 
40m + 8d3 + 7n + 100a=. 

13. From Jnta-^ni^ + JtakeJn'-Jm' + J. 

16. From the Bum of o' + 2aft + 6» and a' -2 06 + 6* 
take a^ + 6". 

17. From the sum of6a"-4ai + 7m + 9 and 7 + 6 aJ - 
7 m - 8 a^ take 2a'-Gab-6 + 9m. 

18. From thesumof 3 + 9a + 76 + 3» + 6<i and4d + 
3n + 96 + 7+4c take 6a + 4 + 6c-b + Qn. 

19. From the samoia^ + Saf>^ + b^<^-Sa% + 5alfl — l^, 
and 2 aB + 6 oA* + 6 6« take a* + 3 a*" + 2 6». 

20. From the sum of 2m^+ 4«tM + 2M*, n' —imn— m\ 
3 7»* — 3 rfi, and m* + 3 n' take the sum of 4 mn + 6 n' — 2 m* 
and 2nfi — 4 mn — 3 m.'. 

21. Take the sum of 7 a + 96 + 16 c — 17 and 7 — 8 e + 
6 — 8 a from 6c-10 + 4J + a. 
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PROBLEMS 

[31] 1. Fred had a marbles. He won b marbles from 
James, d marbles from Will, and 3 a marbles from Charles. 
He lost c marbles to Alfred, 2 b marbles to Frank, and 4 d 
marbles to Edward. How many had he then ? 

2. A farmer had a sheep in one field, b in another, and 
(2 in a third. He sold c sheep to one man, e sheep to 
another, and 65 to a third. After that, if 5 died, how 
many had he left ? 

3. If the sum of two numbers is 10 and one number is 
a, what is the other ? 

4. If the sum of two numbers is 5, how may the num- 
bers be represented ? 

5. If the difference of two numbers is a, how may the 
numbers be represented ? 

6. A man earns a dollars a day and spends b dollars. 
How much has he at the end of the week ? 

7. The janitor of a building earns c dollars a month and 
spends d dollars. How much has he at the end of a year ? 

8. A man earns m dollars a month and receives n dollars 
a month interest on an investment. If he spends a dollars 
for rent and d dollars for household expenses, how much 
has he at the end of a year ? at the end of 4 years ? 



OPTIONAL WORK 

1. Take ax from bx. 3. From ay take dt/. 

2. Take cy from dy, 4. From ay + by take cy. 

5. From 2x+ix take ay. 



THE PARENTHESIS 
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[32] On page 16 you learned that the parenthesis ( ) 
is used to inclose quantities that are to be treated as one 
quantity. Hence a quantity in a ( ) with a + sign before 
it is to be taken additively ; but if it has a — sign before 
it, it is to be taken subtractively. 

Thus (6(1 + 46 — c)- (4a + 4J-3c) is merely an in- 
dication that the quantity in the second parenthesis is 
to be subtracted from the quantity in the first. 

Since in subtraction we change the signs of the subtra- 
hend and add, the above example becomes : 

6a-|-46-c-4o-4i-)-3<; or 2a + 2c. 

Hence the following principle : 

PkinCiplb. a parentJieBts preceded hy the — sign may 
he removed from an expreBston if the signs of all the terms in 
the parenthesis are changed. 

Remove the parenthesis : 

1. 16a=-(4a=+6a=-9a''). 5. (3a + 4J)-(4a- 66). 

2. 7a6-(3a6 + 4J2). 6. 3a + 46-C4a-6*). 

3. l-CBa^ + SaJ + ja-e). 7. -(3a+4J)-(4o-66). 

4. a~6-(3a-6). a (3a + 4J) + (4o- 6A). 

9. 3m-t-4»-(2m-4n-(-6m*). 
10. 7ac-(Bbd-Gac-'ia^). 

OfilGHTAL WORK 

Make up two examples like the above and remove the 
parenthesis. 
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MULTIPLICATION 

[33] As you have learned in arithmetic, multiplication 
is a short method of addition when the quantities to be 
added are the same. 

How many are : 

3+3+3+3+3? a+a+a+a+al 

How many are 3a + 3(i + 3a + 3a + 3(i, or how many 
are 5 times 3a? 

How many are 10 times 3a? 3 times 26? 

How many are — 2 a — 2 a — 2 a — 2 a, or 4 times —2a? 

How many are 6 times — 3 6 ? 4 times —46? 

The multiplier and the multiplicand may be positive or 
negative. 

Is there any difference between 3x5 and 5x3? 7x9 
and 9x7? 3x4x6 and 4x6x3, or 6x3x4? 

In the same way, no differences can arise in the prod- 
uct of quantities in algebra by changing the order of 
the factors. The product resulting by taking a h times 
must be the same as the product resulting by taking h a 
times, or a times h is the same as h times a. 

The product of factors is the same in whatever order they 
are taken. 

Multiplication is the process of taking one quantity as 
many times as there are units in another. 
The multiplicand is the quantity to be taken. 
The multiplier is the quantity by which we multiply. 
The product is the result of the multiplication. 
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I. Both factors may be positive ; as, -f a x + ft. 

II. One may be negative and the other positive; aa, 

— a X + 6, or +a x—b. 

III. Both may be negative ; aa, —ax—b. 

1. When both factors are +. 
Multiply 4 by 5. 

This means that 1 is to be added five times. The resnlt ie + 20. 

Multiply b by a. 

This means that £ ia to be added a times. 

Since, it b ia added three, four, five, six, or any number of times, 
the results will be 3 6, 4 b, 5 ft, 6 6, or any number of 6'b ; if +bia added 
a times, the result will be + ab, ttpotitive rtsuli. 

II. When one factor Is + and the other — . 

Multiply - 4 by +5. 

This means that — 4 is to be added five times. The result 18—20. 

Multiply — hhy a. 

This means that — 6 is to be added a times. 

2, 3, 4, 5, 6, or any.number of - b's will give - 26, - 36, - 4b, 

— 5 ft, eto., and o number of — b'a will give — ab. 

Multiply 4 by — 5. 

4 multiplied by 5 indicates that 4 is to be added five times, and 4 
multiplied by — 5 indicates that 4 is to be tvbtraeled five times. 

If we subtract 4 once, we shall have — 4. If me subtract 4 five 
times, we shall have - 20. This is the same as taking 4 five times 
and subtracting the product 

Multiply J by —a. 

by. a = ab, but ft x - a signifies that the product a6 is to be sub- 
tracted. Hence, bx — a = — ab. 
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III. When both factors are — . 

Multiply — 4 by — 5. 

In Case II we learned that — 4 x 5 = — 20, and that the ~ sign 
before the multiplier signifies that the multiplicand is to be taken 
five times subtractively. If we subtract — 4 once, we shall have + 4. 
If we subtract — 4 five times, we shall have + 20. Hence, 

-4 X -6 = -(-20) = + 20. 

Multiply — J by — a. 

In Case II we learned that — 6 x a = — aft. 

In — 6 X —a, the siga before the multiplier signifies that the prod- 
uct — aft is to be subtracted. If we subtract the — aft, or — (— aft), 
we have + aft. Hence, — 6 x — a = + aft. 

We see from the above that when the signs of multipli- 
cand and multiplier are alike, the product is + ; when tliey 
are unlike, the product is — ; or, we may remember this : 

Like signs produce 4- dnd unlike signs — • 

Write the products of : 



1. 


2. 


3. 


4. 


5. 


6. 


7 


7 


-7 


-7 


8 


-8 


4 


-4 


4 


-4 


-6 


-8 


7. 


8. 


9. 


10. 


11. 


12. 


-6 


— a 


— m 


— X 


y 


-y 


-8 


-b 


— n 


y 


— X 


-d 



[34] 13. Multiply 3 a by 2 6. 

As the product of several factors is the same in whatever order they 
^^^^' 3ax2ft = 3 x2 X axft,or6a&. 



I MULTIPUCATION 

We have learned that an exponent is used to indicate 
)w many times a letter is to be taken as a factor. Hence, 
axa=aK 

c? X. a= a y. a y. a= cfi. 
}^xy'=bxbxbxhxh = {fi. 
a? X3^ = xxx xxxxxxxxxx = ^. 
From the examples above we see that the exponent of a 
lantitj in a product is equal to the sum of its exponents 
, the factors. 

Rule. To multiply two monomials, multiply the coef- 
cients together for the coefficient of the product. To this 
efficient annex the different letters, giving each letter an 
•■ponent equal to the sum of the exponents of tluit letter in 
£ factors. 

If the signs are alike, the product is +; tf unlike, — . 
Multiply : 

14. 15. 16. 17. 

Sa 9b -2x ly 

la -26 -3a; -6tf 



3y 4a^ lay -2m' 

-4y -7^" Zax -8w' 



■ gay* 12a6e VaaHy Ih^^ 

6 ay - 3 a'&atP Sc - 2 aVd^ 



IP-^ 2 ax - aV^M^ ay^ 

■2fflV -2 by -abed -a 
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[35] 








30. 


31. 


32. 


33. 


--UfcPz^^ 


-8a?y2 


-8a:«y«2« 


4c«d* 


— 2jj^x^z 


-y^ 


- 2 aJ^eJ 


-4(j6d« 


34. 


35. 


36. 


37. 


— 5xy 


2airy* 


2(a 4- by 


4(a - c)8 


^ba^yz 


— 6ay^25 


8(a + 6)« 


-6(a-0 


38. 


39. 


40. 


41. 


-Kx+yy 


8(a:-y) 


7(a ^ 6) 


4(a? + y) 


5Cx+yy 


4(a?~y) 


- 4(a - 6) 


5(2; + y)2 



In these examples the quantity .within the parenthesis is 
to be treated as one quantity. 

ORICnrAL WORK 

Make up five examples under this case and find the 
product. 

[36] When the multiplicand is a polynomial. 

1. Multiply 236 by 4. 

236 = 200 + 30 + 6 
200+ 30+ 6 



800 + 120 + 24 = 944 



2. Multiply a + 4b-2a^c by 3a. 

o + 4 6 - 2 a% 

3a 

3 a« + 12 oft - 6 a^fe 

It is evident that the product of the whole multiplicand is equal to 
the sum of its parts multiplied by the multiplier. 



i MULTIPLICATION 

RtJLE. To multiply a polynomicd by a monomial, mvltiply 
ck term of the multiplicand by the multiplier as in cote of 

onomiah. 

(Tlie multiplier is generally written under the first 
rm, because we begin to multiply at that end. In arith- 
etic we begin at the right. ^ 

Multiply: 



1 + 60 


+ f 

3<.' 
4o' 


-3(i" 


^ae+iab+Qax 
-2iiV 


4. 
1x, 


5. 

-8oS" 


6. 

ioA + i* ax—ay — az 
-axyz 


7. 

-cd-ef 


S. 

x-y- 

-y 


9. 

-36» 


10. 

a + bJrc 

X 


11. 

i + 2aS-c» 


13. 

3 awtx + 2 amy — 6 a»i3 
— 3 amxyz 



[37] Multiply: 

13. 3 oa; — 4 ay 4- 2 az by S a. 

14. 4 a6 - 3 c^ + 4 d« by 2 ac. 

15. 6 a^^S + 3 a8<P + Jt? by - 3 aajs.?. 

16. 6 €^f + 3 J^ary + 2 2;y by 4 a^. 

17. 3 an — 2 km* — 4 am by — 3 ?««. 
IB. 4 a^y — 2 my — 3 a — 4 aj by 7 dtic. 
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19. 5ac2-8aa(?4-6aac8by-2a2A 

20. 3a;~8a?-8a:8-3a^by 3aj3. 

21. 5 aa; + 3 a^y + 4 a2 — 8 by 4- 2 ah. 

22. —ax --2 ah^y — 4 a% by — 8 abx. 

23. aaja^-aV + aaeP-aV by -oe^. 



ORIGINAL WORK 



[38] Make up five examples under this case and find 
the product. 



OPTIONAL WORK 

Multiply: 1. 3 a^i; + 4 a^y - 2 ah by 2 a. 

2. 6 ay — 2 a^y^ by 3 o^yh?. 

3. 3(a 4- 6) + 2(a; 4- y) by 3 a. 

4. 4a* + 2a*-aHy 2ai 

5. ^ca-Jc-Jby Jc?. 

6. a*" + a*" + €? by a*. 

7. a**— a^ by a^. 

8. y" — iT^^ by y"^^. 

9. 2 a*"^! + 3 a"*-2 - 5 a"*-« by 2 (fi. 
10. 3(a; + y)2-2(a: + y)by2(a: + y)2. 



PROBLEMS 



1. The daily wages of a workman are a dollars. How 
much will 10 men earn in 4 days at the same rate? 

2. A man bought a horses from a dealer. If each horse 
cost him c dpU^rs, how much did all cost ? 



Dinsioy 

[t h meohftiiic8 can do a job in 6 days, how long will 

) one man to do it ? 

\. man has a sheep and b times as many cows. How 

animals has he ? 

low far can a boy ride on his bicycle in b hours, if 

18 a + 4 miles an hour ? 

DIVISION 

I Division in algebra, like division in arithmetic, is 
inverse of multiplication and the same principles 
in algebra as in arithmetic. 

sion is the process of finding a quantity called a 
nt, by which the divisor must be multiplied to 
36 the dividend. 

Divisor x quotient = dividend, 
IHvidend + divisor = quotient, 
IHvidend + quotient = divitor. 

Igebra, division is generally expressed in the form of 
dividend 
divisor 



dividend .. . 

ion; as . = quotient. 



- means 8 -i- 3, so in algebra ~ means a-t-h. 
i b 

mre to read this expression " a divided by ft," not 

it b." The thought to be expressed is the division 

it, which is lost sight of in the latter loose expres- 

- is read, " the quantity a + b divided by the quan- 
d 

f d," or " the sum of a and b divided by the sum of 
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I. Divide +20 by +5; +abhY +a. 

Since + 4 multipUed by + 6 = + 20 (I, page 40), ^^= + 4. 
Similarly, = + 6. 

When a positive quantity is divided by a positive quantity^ 
the quotient is positive. 

II. Divide - 20 by 4- 5 ; - a* by + a. 

Since -4 multiplied by +5 =-20 (H, page 40), -=^ = -4. 

— h "^ 

Similarly, = — ft. 

When a negative quantity is divided by a positive quantity^ 
the quotient is negative. 

III. Divide - 20 by - 5 ; - «» by - a. 

Since +4 multipUed by -5 = -20 (II, page 40),:^ = + 4. 
Similarly, = + ft. 

When a negative quantity is divided by a negative quan- 
tity^ the quotient is positive. 

IV. Divide + 20 by - 5 ;+ a* by - a. 

4-20 
Since -4x-5 = + 20 (HI, page 41), ^t^ = -4. Similarly, 

+aft , "^ 

= —0. 

—a 

When a positive quantity is divided by a negative quantity^ 
the quotient is negative. 

From these examples we see that 

The quotient of like signs is plus and of unlike signs is 
minus. 



1 
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DIVISION 



[40] To divide a monomial by a monomial. 



-40 by 10; 25 by -5; 



Divide 45 by 9; 60 by -6; 
80 by -10; -24 by 4. 

Divide — 56 x by 7. 
Solution : --56j:-j-7 = — 8x. 



Divide 24a by -3; -60aJ by -5a; 12a6 by 5a; 
-48 a; by 12a;; 72 6y by -8; -20a:y by 4xy. 

Divide a^ by a ; J^ by 6^ ; x^ by a^- 

a* 
Since a^ x a = a^ (page 42), — = a*. 

a 

Since b^ x b^ = b^ (page 42), ?*=&•• 

Since x* x x^ = x^ (page 42), -^ = «•• 

Xr 

Since the exponent in the product equals the sum of the 
exponents in the multiplicand and multiplier, the exponent 
of the quotient must equal the exponent in the dividend minus 
the exponent in the divisor. 

Divide 56 a^m^ by - 7 ab^d. 

That is, what quantity multiplied by — 7 ab^d will pro- 
duce 56 a%W. 

7 times 8 = 56. b^ times 1 = 6«. 

a times a^ = a*. d times d* = dK 

Or, 7 a6^ X 8 a W = 56 a»W4. 

As the dividend and divisor have unlike signs, the sign of the quo- 
tient must be — . 

- 8a2rf8x -7a62d= 56a8W*; or, 5i£!^ = - 8 a^». 



DIVISION 
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Rule. To divide one monomial by another^ divide the 
coefficient of the dividend by the coefficient of the divisor for 
the coefficient of the quotient. To this quotient annex all the 
different letters^ giving each letter an exponent found by sub- 
tracting the exponent of the letter in the divisor from the 
exponent of the same letter in the dividend. If the signs of 
dividend and divisor are alike^ the quotient is +^ if unlike^ 
the quotient is — . 



Divide : 

1. 24a2 by 6a. 2. ISa^y by 3a. 3. -27aVyby 9. 

Divide : 



4. 



24 ag 
6a 



8. 



-3a 



12. 



-27 aV/ 
9xy 



5. 



-120 ay 
— 6 ay 



9. 



72 a*77iV 
9a^m^ 



13. 



36m^ 

-377* 



6. 



Sa^y 



10. 



— 44 m^r? 
W.mn 



14. 



39 dV 
-3d2e 



7. 



13 aVy 



11. 



-30a5gd 
-3arf 



15. 



64 a^b'^d^ 
16a6(? 



ORIGINAL WORK 

[41] Make up three examples like these and find the 
quotients. Prove. 

pottbk's alg. — 4 



lea the dlrldend is a polynonilal. 

vide 4(F* + 6a6'-2a6* by 2ab. 

i question is to find the algebraic expresmon which, whes mol- 

Ihj 2 ab, will giva 4 a* + 6 aft" - 2 ad". 

w we have learned that 2 a multiplied by 2 oi will give as the 

erm (4 at) of the dividend, and 3 b multiplied hy2ab will grn 

aoTiA term (6ab'),and —6* multiplied by 2a£ will give the third 

>2a6"). 

Qce 2a43&-£i multiplied by 2 ab will give 4 a*6 + 6 ofi*- 2 af. 

+3 6—6* is therefore the quotient of 4a'6+ea6*— 2a6* divided 

6. 

JLE. I'd divide a polynomial hy a monomial, divide 
term of ike dividend by the divisor a» in the case of 
jiaaU. 

vide: 

1. 6 ay- 8 oY + 9 ay* by Say. 

a. lQxY-15^yh-5a^i^ by 5aV- 

3. 27 a»Jc= _ 9 flSja - 6 a'A^a by 8 flSi. 

4. 8a8i8_4afi<-8J by 4ft. 

5. SaH-2aV^-a^ by t^. 

2] 6. 4<iV4-3ac + 7a^y by +aa!. 

7. TaS-Uai + aixy-Tar" by 7. 

8. 4 a^ + 8 a^y — 6 (la^^y + 8 ami/ + iatf by 2 ay. 

9. 9 ti6c + 12 «V- 6 a«c^ + 24 ao by Sac. 

10. 16mhi^-8mn + 4:SnMff-32mhih7 Smn. 
u. 4a7i-24<^V-4*«™-28a*n* by 4an. 
la. 14ai^y»-21a»iay82 + 56a«iV by 7fl»r'y>. 
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13. 720 aV - 480 aV + 640 a«aJ* by SOah^. 

14. 3 ah: + 7 a^ -f- 3 ahfly^ — 2 aa:y by — ax. 

16. 4(a-y) + 6(a-y)a + 12(a-y)« by 2(a-y). 



OPTIONAL WORK 

Divide : 

1. Sa^ + lQa' by -Sa^. 

2. —Qi^y-^Qi^yz^'-afly^sfi + xt/^ by —ay. 

3. 3(a; + y)-6(a; + y)^ + 9(aj + y)« by 8(a? + y). 

4. 2a2 + 8a8 + 12a* by 2a^. 

5. (l-a)-(l-a)a by (1-a). 

6. a((? — rf) — J(^ — rf) by (c? — (f). 

7. 25a25%?— ISoJa? — 5a6% by 5alAp. 



THE PARENTHESIS 

[43] You have learned that the parenthesis is used to 
inclose quantities which are to be treated as one quantity, 
and that the sign before it affects the whole expression 
inside the parenthesis. 

You also learned that you can remove a parenthesis 
preceded by a minus sign if you change the signs of all the 
quantities within the parenthesis. Likewise, if you wish to 
inclose quantities within a parenthesis preceded by a minus 
sign, the signs of the quantities must be changed. This is 
necessary in order to produce the original expression when 
the parenthesis is removed. 



•2 TBE PABENTHB818 

If the quantity within the parenthesis has a coefficient, 
he whole expression must be multiplied by it. 
Remove the parenthesis from the followiDg expressions: 

1. 2a-(a + i). 

2. 7a-86-2(3a-2S). 

3. Za~Sx-2(2a-4x). 

4. 3x + l if-S(x-2y + i'). 
a. 9a-a!-2(2a-a:-3). 

6. 6ft~4a + 4-2(6-2a + 2). 

7. 3a-4a!— (a— 3a!) + (a; — 4a). 

8. x-^+z-(x+i/-z)-(x+i/+z)-(_^+z-x). 

9. Write three algebraic expressions, each having a 
larenthesis with the minus sign and remove the ( ). 

10. Place the last two terms of the expression a+b — c+d 
i-ithin a parenthesis with the minus sign before it. 

11. Insert the second and third terms within a paren- 
hesis with the minus sign before it. 

12. Place the second and fourth terms within a paren- 
hesia with the minus sign before it. 

13. Inclose the second and third terms of Sai — 2a^-i- 
6— 12(ic + 10 within a parenthesis with the minus sign. 

14. Inclose the second, third, and fifth terms of the 
bove expression within a parenthesis with a minus sign. 

15. Write a polynomial of four terms. Introduce the 
ist three terms within a parenthesis with the minus sign 
lefore it. 
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PAOTORINQ 

[44] The factors of a quantity are the quantities which, 
when multiplied together, will produce it. 

To factor a monomial. 

1. What are the factors of 16 ? of 8 ? of 10 ? 

2. What are the factors of 7 cfil^c ? 

They are readily seen to be 7, a, a, a, h, h, and c, as these quantities 
multiplied together will produce 7 a^h^c. 

Factor : 

1. 15 aW. 4. 64 wV. 7. 144a?y2A 

2. 12a?y\ 5. 33a8i2. s. 16a*iV, 

3. 48a2J8. 6. 267?iV. 9. 27a%8A 

[45] To find two factors of a polynomial, one of which 
is a monomial. 

Factor 6 aW + 3 a%c - 9 aWd. 

We desire to find the largest monomial which will divide all the 
terms. We find that 3 is the largest number which will divide the 
coefficients, also that a^ and h will divide all the terms, and that no 
other letter is common to them all. 

Hence 3 a% is common to all the terms. Divide the expression by 
3 a% to find the other factor. 

3 a% and 21^ -\- c --^hd are the factors required. They may be 
written as 3 a%(2 6^ + c -- 3 hd) ; that is, the monomial factor may be 
written as a coefficient to a polynomial factor placed in a parenthesis. 

Rule. Divide the polynomial hy the highest divisor com- 
mon to all the terms. The divisor and the quotient will be 
the factors required. 
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Find two factors of each of the following algebraic 
expressions, one of which is a monomial: 

1. 4a-4J. 3. a?b + ^cfic. 5. 82 a;y - 48 a:^^, 

2. a2-ai. 4. 7a2+14aJ. 6. linfly^- b^xy. 

[46] 

7. 9a262-18a8i2. is. 14a26-7a8Wa;-21a*63. 

8. 8 a8a;y - 64 rc%. 16. 82aa:y-16a2J2+24a86x. 

9. 2& ale - 4t2 ayz. 17. 40a?y-60a:«y»— 80a?*y*. 

10. 7 a^ja + 3 a^Ja;. IB. ^rrM-^lmrvx. 

11. 8a«a;y + 9aa:. 19. 18 am — 89aw2. 

12. 4 J2a;ya + 18 ^jy2. 20. 24 a«a? + 42 aVy. 

13. 82?y2 + 27a;y«-8a:y*. 21. 8ay-6ay2 + i2. 

14. 2a?^/-4a?y%-8aa?ya. 22. 4(iJ-8a%2 + 8ana:. 

[47] 

23. 6 ai(? - 12 a^ja - 18 a86(?. 26. 16 a^x^y - 20 aVy». 

24. Ix^y'^-Tx^yz^-lxyz. 27. 25 fw^a^^y^ _ 60 m«a:y«. 

25. 10ai2m-5a26w+16a62m2. 28. 49 aVy* + 68 aVy*. 

ORIGINAL WORK 

Make up three examples like the above, and factor them. 



OPTIONAL WORK 

Factor: 1. 97»V- 27wwy + 81w«ii^ 

2. a^V^^%a%^a?^%Mh^. 

3. iaH + ^d^c-^a^d. 

4. 4 a;V« - 16 a^V - 28 a^V- 

5. 82 a'»6"»c2 - 64 a^^JV - 16 a«6«. 



I 
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LOWEST COMMON MULTIPLB 

[48] Name three numbers that will contain 4; three 
that will contain 11. 

Name three quantities that will contain a; three that 
will contain ax. 

What quantity or number will exactly contain 2, 6, and 
8? 7, 4, and 2? 6, 12, and 24? 

What quantity will contain 2, 4, and a ? 3, 4, a, and ofl ? 
2 a, 6 02;, and 12 ahfi ? 

Your answers have not necessarily been the lowest quan- 
tities that will contain the quantities given. Rewrite these 
examples, giving the lowest quantity in each set that can 
be divided by each quantity. 

What is the lowest quantity that will contain a, a^, a*, 
and a^ ? 

In arithmetic the term " least common multiple " is cor- 
rect, as it is the least or smallest number that will contain 
each of the numbers ; but in algebra, where we deal with 
literal quantities, we should say ^4owest common multiple," 
as we mean the quantity having the lowest exponent or 
degree. 

A multiple of a quantity is one or more times that 
quantity. 

A common multiple of two or more quantities is any 
quantity that will contain each of them. 

The lowest common multiple of two or more quantities 
is the quantity of the lowest degree that will contain 
each of them. 

The lowest common multiple of two or more quan- 
tities must contain all the factors of each quantity, and 
no others. 
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LOWEST COMMON MULTIPLE 



Find the L. C. M. of 2 ax, 6 a^y, and 8 ah:t/^. 

The factors of the quantities are : 

2ax = 2xaxx. 
6a»y = 2x3xaxaxaxy. 
8 a^xy* = 2x2x2xaxaxa;xyxy. 

The L. C. M. must contain the greatest number of the different 
factors found in any quantity. It will, therefore, contain : 

Three 2's, One 3, Three a's, One x, Two y's, 

or 2x2x2x3xaxaxaxxx yxy, or 24 a»xy*. 

This is the quantity of the lowest degree that each quantity will 
divide. 

The L. C. M. of monomials is generally found by inspec- 
tion. 

Find by inspection the L. C. M. ot 2ax, 6 c?y, and 
8 a^xy^. 

It is readily seen that each letter with its highest exponent must be 
used. This will be a*xy*. 

If to this we prefix as coefficient the L. C. M. of the numerical 
coefficients, we shall have the L. C. M. required, or 24 a'xy^. 

Rule. To find the L, 0. M, of monomials, write the 
different letters found in the monomials, each with the highest 
exponent found in any one. To this prefix as coefficient the 
least common multiple of the numerical coefficients. 

Find the lowest common multiple (L. C. M.) of: 

1. 4:a% 8a3J2, and 12 aba?. 

2. Sabc, 9cfib(?, and 12a^^€». 

3. 6 a^l^x, 4 a%x^y, and 3 abh^y^. 

4. 4a;2y2^ QxyH, and Viofl^ifi. 

5. bc^(?x, 2acx^, 4:a^cx, and 10 a^ca?. 

6. 2bc^x^, 7 al^Ac, ^(jfib^<?x^, and 4a(ca;. 
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ORIGnrAL WORK 

Make up three examples in L. C. M. 



OPTIONAL WORK 

Find the L. C. M. of each of the following quantities : 

1. 2nfin^p^ 8nMj bnfirfip^ and mnp. 

2. 6a?t/h, 12 xt/^^, and 15a^/«*, 

3. 9a26c2, 12 a^c, and 18 b^ccP. 

4. lQa%(jP, S2a%x, and 8 a?/. 

5. Sa\ 9aV, and SGabcd. 

6. Safli/y 48aa:y, and ISa^a^y^. 

7. 15a2j8^ 45a6c2, and 18a*6A 

8. 32 62^2, 6^a?y^ and 48 jy. 

9. lOa^Sy, 90a^y^ and 45a;y«. 
10. 7Wa;, 12 aV, and 21caa;8. 



FRACTIONS 

[49] You have learned in arithmetic that a fraction is 
an expression meaning one or more equal parts of a unit. 
It is also an expression of division. Thus | may mean 3 
of the 4 equal parts into which a unit is divided. It may 
also mean ^ of 3 units. J of three apples may be equal in 
amount to 3 of the 4 equal parts into which one apple is 
divided; but the process of reasoning is entirely different. 

In algebra a fraction is an expression of division. 

The numerator is the dividend and the denominator is 
the divisor. 



58 FRACTIONS 

All the principles of division given on page 47 may be 
applied to fractions. This knowledge will help you to 
understand the relation of the signs of the terms. 

Thus, 8-*-4 = ?=2. 2aa:-Ha = ^=2a:. 

4 a 

A fraction has three signs ; one before the fraction, one 
before the numerator, and one before the denominator. 

mi. 2 ah , +2a6 

Thus, -1— means + -^—7 — 

As in division, the result is not changed if we change 
the sign in both the numerator and the denominator ; as, 

2f[5^2a. ""^f^ =:2a. Why are these results aUke ? 
h —0 

If one sign is changed, the result is changed in sign. Thus, 
2|* = 2a. But^l|^=-2aand^=-.2a. (Why?) 

If all three signs are changed, the sign of the result is 
changed. Thus, 

^ = 2a,=^ = 2a. But-^=-2a. (Why?) 
If any two signs are changed, the result is unchanged. 
Thus, ^ = 2a,^:^ = 2a,-::^ (-2a) 

= 2 a, ?^=_(-2a) = 2a. (Why?) 

Likewise, if we change any two sets of signs of the 
fraction, the value will remain unchanged. Thus, 
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a_--_6 _ J — a __ ft — a _ a— b 
c —c c — {? 

Change any two of the three signs in each of the follow- 
ing fractions and show that the value is unchanged : 

18 -a* 3 c 15-5 a-l 

An entire quantity is one in which no part is a fraction. 

A mixed quantity is one that consists of a whole quantity 
and a fraction. 

A fraction is in its lowest terms when the numerator 
and denominator have no factors in common ; or when, as 
we say in arithmetic, they are prime to each other. 

REDUCTION OP FRACTIONS 
[50] To reduce a fraction to its lowest terms. 

Reduce ■—— to lower terms. 
144 

2)120 ^ 2}60 ^ 2)30 ^ 3}15 ^ 5 
2)144 2)72 2)36 3)18 6* 

9 cfiV^x 
Reduce ^^ ,,^ — to lowest terms. 

12 a^bh^y 

As in arithmetic, we cancel the factors common to both the 
numerator and denominator. 

We see that 3, a*, h\ and x will divide each term. Hence, 

3 a% H)^a%^x ^ 3& 

This is evidently in its lowest terms, and the value is unchanged, 
as we have divided the dividend and the divisor by the same quantity. 
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Rule. To reduce a fraction to iti loweat terms, cancel 
from both numerator and denominator all the common factcrl. 



Reduce the following fractiom to their lowest terms: 
„ 16 abc 



4a't' 

■ Saihi' 
3 a'}',v 

■ 27(l'J"a: 
3 12 a-bV 

18 at'e' 

■ iTMCd 

■ 26oS(«d"' 
12»ayi, 

■ lb^y<^ "' i2laWcm' 

2 (M^ + 4 ifix 

Reduce —^ to its lowest terms. 

4a4ry 

In this and like examples we first Jind the factore of the Dumeratot 
and then reduce by cancellation. 



24o»SV 

126o«i'z> 
26 a'.v^ 
39i.'jfW' 
14411^'^ 
72 a»rfy ' 
63aVz. 
IWabxy' 
182 o^V 



[51] Reduce the following to their lowest tenns : 

^ 4i'-6»8 3 Ua^-lax 

2xjf ' 7x 

, 6a=-9aS , 6a'S-10S' 
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5. 8. '^ • 

o axy 5 cxt/ 

g Sabc -120^0 ^ 4 a^m - 6 a%^c 

4 ca: 2 a^l^c 

3 aVd - 3 a(?d 3 aVa; - 3 a%(?x 

Zed ' * 3aVa; 

RIGDfAL WORK 

Write two fractions and reduce them to their lowest 
terms. 



OPTIOITAL WORK 

Reduce to their lowest terms : 



1. 



24 a^x^i/^ g 6 ggg - 8 a^d 

60 aV* ' 6a3 ' 

2 16^2^ ^ 12 ac'\- 9 acd 

18a^y2' • 9ac ' 

3. i^. 10. 8(^±^. 

144 a^zS 6(a + J_) 

^ 36 gTary" 14(a; - .y)8 

■ GOa'xi^" • 21(a;-y)" 

SOft^c* 3 fflc" - 6 ac^" 

■ 90 J™*** "• Sa 

27 a*"/ . 3a;(^ + 5V 

72 aa^/ 13. g^^^^j^' 

11^. ,. 39 a«Cx + y-) 



f- 



lla^¥ • 13 a\x + y^ 



i SEDUCTION OF FRACTIONS 

[52] To reduce a fractioa to an entire or a mixed 

lantity. 
Reduce " ~„: '^ to an entire or a mixed quantity. 

Since a fraction is an expression of division, if we perform, the 
vision required, we shall have 

(4 a^S - 8 aV?) * 2 a% = 2 - 8 6, 
I entire quantity. 

Reduce 3'^^^-2tM;.y-<? j^ ^ ^^^^^ quantity. 

Perform the division indicated as far as possible- Then place the 
mainder a,B a numerator and the divisor as a denominator, and con- 
ict it to the entire part with the proper sign. 

(3 afta: - 2 aiy - rf) -i- ai = 3 6 - 2 y 

The first two terms are divisible by the denominator, but tbe third 
nn 18 not. Express this undivided part as the numerator of a frac- 
)n of which the divisor is the denominator. 

Reduce the following fractions to entire or mixed 

iiantities : 
(Retain the answers to these examples.) 

1 ^ihi. 5 25a6 + 3g 

X ' 5 

, 8a^-3: + 3 ^ a8 + J8 



Uah;-Sa2? 



203^-403^+3 
5x 



(Be careful of the signs of the fractional part.) 
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4a2 

,^ .^ -.^ . ,^ 63a2a:-54aa;2-8a 
10. • 13. • 

9 ax 

33 3^1/^ H" 44 a^y^ — 55 xy 

8x ' ' lla^y^ 

ORIGINAL WORK 

Make up two or more examples under this case. 





2x 




9r»- 


-18x- 


■7 




Zx 




16:ra 


-8a:- 


-5 



OPTIONAL WORK 

Reduce the following fractions to mixed quantities : 







la 




2. 


Zac- 


-9a^(^-x 






Sae 




Q 


2aH 


-4a2^ft2- 


c 



2aH 

^ 9x^t/-27 x^y^ - 33 ax^y - 15 ah^y^ 

3a^y 

g ISxy - 39 a;gy2 4- 52 g8y8 - 13 a 

ISxy 



[53] To reduce a mixed quantity to a fractional form. 
Reduce 4| to a fraction. 

o o o o o o 

In algebra the same principles apply. 



REDUCTION OF FBACTIOSB 



Rule. Multiply the whole quantitt/ hy the denominator, 
add the numerator, and write the sum over the denominator. 

Reduce the following mixed quantities to fractions : 



1. 


2. + ^. 


2. 


iah + ^-f- 


3. 


-y^'-f- 


4. 


5 


5. 


''-7 


6. 


.-I. 


7. 


--1- 


ORIGINAL WORK 



8. 


3«a_4a + ^ 


9. 


--^ 


10. 


1 Zax-<fi 

X 


11. 


»^^*^. 


U. 


2» + 2'' + "' 

OX 


13. 


'-*' 3a+5c. 


14. 


^-^-^- 



Make up two or more examples of mixed quantities, and 
reduce each to a fractional form. 



In the previous case your answers are mixed quantities. 
Reduce each of them to a fractional form and see whether 
it is the same as the fraction given in the example. 
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ADDITION AND SUBTRACTION OF FRACTIONS 

[54] As in arithmetic, only fractions having a common 
denominator can be added or subtracted. 

Thus, i + | + i = M + fl + M = fl = 2H. 

The same process is pursued in algebra. 

Rule. To add fraetionsy reduce them^ if neeessari/^ to a 
common denominator, add the numerators for a new numera- 
tor, and place the sum over the common denominator, Reduce 
the resulting fraction to its lowest terms. 

Rule. To subtract fractions, reduce them, if necessary, 
to a common denominator, subtract the numerator of the sub- 
trahend from the numerator of the minuend, and write the 
difference over the common denominator. 

As in arithmetic, if the quantities are mixed quantities, 
the entire parts may be added or subtracted separately 
without being reduced to fractional forms. 

Add -^, -r-rr:, aUQ 



6 ' 2 62' Sab 

The L. C. M. of the denominator is 6 ab^. (Why ?) 
Multiply both terms of the first fraction by 6 ah, both terms of the 
second fraction by 3 a, and both terms of the third by 2 b. The values 
of the fractions will be unchanged (why?), and we shall have 

12 a% 9ac .She 
Qab^ 6 ab^ 6 ab^' 

These fractions have now a common denominator, and the sum 

w^ill bo 

12a% j-Qac-hSbc 

Qab^ 

fottbb's alo. — 6 



1. 



""I 



1- -■■ 1 



f 
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Add: 

2x Zx 5x 
4' 8' 12* 

2o» 4a» 7a» 
3 ' 15 ' 9 ' 

P 26"' 4J" 
2 3 5 



1. 



a. 



4. 



SJa' 26»' 6J» 



». «+if and *^ 
4 3 

g + ft a — b b — a 
9 ' 15 ' 3 ' 

a + 8 a + 7 a — 5 
3 ' 4 ' 2 * 

8. 3a + ^ and 2a-^. 



6. 



7. 



(Add the entire parts of the expression and the frac- 
tional parts separately.) 

[55] 9. a:-3 + ?4^and 4a? + 3 + %:il 



10. 3a + 4y + 



4^; 
6a-4 



and 8y— 8a + 



S-2ax 



11. -J^ 22:, and — . 

6 a e 

12. -^, -g-^ and 



a? — a 



12 



13. From 2a-4 + i|±I take 6a-5 + i£L±2. 

8a 6a 

14. From 9a: + 17 + i^^iii take 4x + 9 + l2±l. 

ox X 

.^ 802: Sax , 5 ax 

"• —-- r+i2- 

17. «±i+*ii£ + £ii£. 



oi 



ic 



ae 



U 



LikW' 
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OPTIONAL WORK 

Make up two examples in addition and two in subtrac- 
tion, and find the answers. 

SimpUf y : 

^- -5- + 4 8 2"' 

2 _i_ . _2 2 2a;-l 

' 8a?y 6a;y3 2a:8ya 6a?ya' 

^ a^ + 2a;y + y' a^— 2a;y + y^ 
a:y a:y 

• 9 6 18 12 8 4' 
..(6,-^) + (|-8«) + (6«-|). 



6. 



a6 ac (^ 



7. ^-y I ^-^ I y-^ 



^y ^^ y^ 



MULTIPLICATION OP FRACTIONS 

[56] The principles of multiplication in arithmetic 
apply to multiplication in algebra. 

Multiply f by 5. 

This = -^y since multiplying the numerator, or dividing the denomi- 
nator, multiplies the fraction. 

Multiply 6 by ^. 

Since this is the same as f x 5, the result is \^, 



h' ' 



I < 



! » 



i 
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g 

Multiply - by 5. 

15 
For the same reason, this is — • 

a 

Show that 6 X - = — 

a a 



Multiply ^ by 6a; 46 by 4^; ^ by 4y. 



3^by6a;46by^; |^ 
Multiply f by f 



} X 4 = }. But } is to he multiplied hy | of 4 (not 4), hence the 
multiplier used is five times too large, and the product is therefore five 
times too large. To ohtain the proper result, we must divide the 
product by 5. This can be done by multiplying the denominator by 5. 

rru 14. • 8 ^^ 8 rru i. . 2 ^ 4 2x4 8 

I The result IS 3^ or-. That is, - x - = ^^ = -. 

I * 

Multiply I by |. 

■ "' 1 

r X c = — • The result is d times too large (as the multiplier is - 

' a 

part of c, not c). Hence, to secure the correct result we multiply the 

denominator by c?, or r x -- = — •• 
; ^ ' h d ^hd 

Rule. To multiply a fraction ly an entire quantity^ 
multiply the numerator of the fraction by the whole 
quantity and divide the result by the denominator^ can- 
celing when possible. 

To multiply a fraction by a fraction^ multiply the 
numerators together for a new numerator^ and the denomi- 
I nators together for a new denominator^ canceling when 

i possible. 

Mixed quantities should be expressed in fractional form 
before multiplying. 



Liki 
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DIVISION OP FRACTIONS 

The principles of division in algebra are the same as 
those in arithmetic. 

Divide : 1. I by 2, I by 4, ^\ by 8. 

2. t by 3, f by 5, ^ by 4. 

3. t by f I by |, :^ by ^f . 

4. — by 3, ^- by 4a, — by 7. 

5- "2" ^ ' T ^ ' "5" ^ 
6. Divide f by f 7. Divide ^ by j 

- -5- c = — , since multiplying the denominator of a fraction divides 

the fraction. But we were not to divide the fraction by c, but by - part 

of c. Hence the result is d times too small. (Why ?) To give the coi^ 

rect quotient, we must multiply the result by d, which gives t^ • This 

is the same as - x - or — • That is, we invert the divisor and multiply. 

be be 

Rule. To divide a fraction by an entire quantity^ 
divide the numerator hy the entire quantity or multiply the 
denominator by the quantity. 

To divide an entire quantity by a fraction^ or a fraction by 

a fraction^ invert the divisor and proceed as in multiplication. 

« 

[57] Perform the operations indicated : 
Set I 

1. 3a^x8^d2. 2. ^x5i. 

^cd 6d2 



I'' I 
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3. |£^x892?ya. 



4. 



18 xy 
27 ai* 



7. 



8a 



14 a. 



8. -j-^-«-6x. 
oao 



'• w'<"'^- 



9. —7- -I- o a. 
4 



6. h ao. 

4(? 



10. =- -I- 4 e. 



[58] Set II 

3a£ 4^ 
' 2bd 6c' 

a — b c 



^ X afi 

6. - •+• -r 



7. 



y y* 

4a<? 2aV 



6 id 16 ja<P 



* 3 ac 15 a; 

771 — 91 18 6 



8. 



9. 



8aa6» 16 aJ 



93?^ 27aV 

3^ 9ac' 
2d "^lOcP" 



'• "37" ^27' 



10. 



a — b 



X 



2a 
8 a?' 



[59] Setm 

2ai 4^ 9a^ 
' Be 6a% 12cP 

4 Jc" 7 a^cP 10 a?y« 
' 5a(2 Sxy l^abo 



Say 9(fia^ 4y 
3a: ^16ya ^6a" 

. 2aa6 ^8cPnfi 16 



4d%i 3aia!» 9a?/ 
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. Ur^^lS^ 8I28 



6. 



xyz 40z 272;^ 
4 an 8 {fin 



Vhn 86m2 Qbhrfi 



" 86 2(a-a?)"*' 2a? 
^ /2g^8a\ /4(? 6<?\ 

7(?y 4a»'*" 9acP 

Sab 4cd 28m^ 
' 16xy 7 mn Qa^cP' 



OPTIONAL WORK 



o<? c(a — 6) y* aJ^ 

^ a — x a — a; ^ga: + gv.. 3 J^ 

3. ! ; . 9. — -^ — ^ X -jr • 

CO vox 2 ax 

ac + ad ± (a + hf (a + l-) 

16 ae ^aW 4aJ 

_ 2 oa; + 6 gy . 2 a (g — y)' . g — y 

Sic 96" * 4a86a 2ai' 

6. £!:x^. 12. «-i «'-! 



y«» y«» a 2a 



EQUATIONS 

[60] Tou have been dealing, heretofore, mainly with 
what has been called " literal arithmetic " ; that is, the 
general application of those rules and operations wiUi 
which you are familiar in arithmetic. Equations were in- 
troduced on pages 13 to 15, and you have seen how simple 
problems were easily solved by them. We shall now take 
up more carefully the subject of the equation. 

An equation is an expression of equality between two 
quantities or sets of quantities. 

Thus, 3 + 6 = 9 is an equation. x=i, a = h, 2a+x= 35 
are also equations. 

The quantiticB on the left of the = constitute the first 
member, and those on the right of the sign = the second 
member. 

Name the first member in each equation above; the 
second member. 

The first letters of the alphabet, as a, 6, c, etc., are used 
to represent known quantities, and the last letters, as z, ^, z, 
to represent unknown quantities. 

If the known quantities of an equation are represented 
by figures, the equation is called a numerical equation. 

If some or all of the known quantities of an equation 
are represented by letters, it is called a literal equation. 

Thus, 5x— & = iix + i is a numerical equation, and 
Sx + a = b — 7i3a, literal equation. 

Since an equation is an expression of equality between 
quantities, it is evident that : 

1. The equation will not be affected when any operation it 
performed on any term by itself which does not change the 
value of that term. 
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Thus in the equation 8 a; + a = 6 — 7, if we write -^ in 
the place of 7, the equation cannot be affected. 

2. The equation is not destroyed when both members are 
affected alike. 

Thus in the equation 3 a; = 6 if we add the same 
quantity to each member, the value must be the same, 
3a:H-2 = 6 + 2. 

Statements like 1 and 2 are called axioms, as they re- 
quire no proof, being self-evident. 

We can illustrate them, however. 

The equation has been likened to a pair of scales. 
One side of the scales must equal the other in weight if they are 
to balance. We may say : 

Weight of box + its contents = 4 pounds. 

It is evident that a two-pound weight may be used in place of two 
one-pound weights without affecting the balance, or two eight-ounce 
weights in place of a pound 
weight, or two of the pack- 
ages in the box may be tied to- 
gether, or a package divided, 
etc., without altering the bal- 
ance of the scale pan s. This 
illustrates the first axiom. 

Again, we may add a pound weight to each side, or take away a 
pound from each side, or add a pound weight on one side and a pound! 
package on the other, and still the scales remain undisturbed. This 
illustrates the second axiom. 

On these two axioms hang all the laws of the equations. 

Take the equation, ^-6-3-f4a:=9a;-h7-3-6a;. 

ft -r 

By the first axiom, we may reduce — to its equal, 3 x; we may add 

the 3 X and 4 x and use the sum, 7 x ; we may combine — 6 — 3 into — 8. 
We may combine the second member into 4 x + 4. The equation, 




I 
I 

I ; 



t 



I I 
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now reduced by the first axiom, must still be in perfect balance. 
We have, 7x-8 = 4x + 4. 

By the second axiom, we may subtract 4 x from each member. We 
then have 7x — 4x~8 = 4. By the same axiom, we may add H- 8 
to each member, and then have 7x — 4x^8 + 8 = 4 + 8. 

By the first axiom, we have dx = 12. 

By the second axiom, dividing each member by 3, we have a; = 4. 

Thus from the first equation we have found the simplest form 
possible, which gives the value of the unknown quantity. 

The changing of terms from one member to the other is 
called transposition. 

The uniting of several terms into one or more is called 
combination. 

The process of finding the value of the unknown quan- 
tity is called solving the equation. 

[61] Solve the following equation : 

(1) 3a;+-4 + 3 = 9a:-6-4a?. 
Combining, (2) 8 a: + 7 = 5 a? - 6. 

Transposing, (3) 8a; - 6a; = - 5 - 7. 

Combining, (4) - 2 x = - 12. 

Multiplying by - 1, (5) 2 a; = 12. 

Dividing by 2, (6) a; = 6. 

If 6 is the right value of x, we cai) by the first axiom substitute this 
value of X in the equation without destroyiiig the equality. 

The equation is3a; + 4 + 3 = 9x — 6 — 4x. 
Substituting 6 for x, we have 

3x6 + 4 + 3 = 9x6- 5-4x6. 
18 + 7 = 54 - 5 - 24. 
25 = 54 - 29. 
25 = 25. 



L 
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This is what is called an identical equation, because both 
sides are identical. 

The process of proving the value of the unknown quan- 
tity is called verification. 

In each of the following equations see by verification 
whether the value given to the unknown quantity is cor- 
rect. If incorrect, find the correct value. 

1. 6a;-5-|-43=a:-27 + 100. 3. 6a: + 16 = 9a:- 6. 

a; = 7. x=7. 

2. 9a:+8 = 2a:-h86. 4. 4(a; + 1) = 8(a: + 2). 

rr=ll. ^ a:=3. 

Solve the following numeral equations by analyzing each 
step as in the above solution. Study each step carefully 
and see that neither axiom is violated. After having 
found the value of the unknown quantity, verify it as in 
the model. 

1. 7-8rr=3-ir. 2. 8rr+17 = 5a:+ 7. 

3. 4rc-4 + 2rc = 12-8a: + a;. 

4. 8a;-2a;+7-8a;=8a?-4 + 20-8a?. 

[62] 5. 4a?-12 + ^ = 2a: + 4 + 8a:. 

o 

6. 8a: + 24-16 + 3a! = 12a! + 32-4a:. 

7. 21aj-84-7a;-16 = 8a; + 10 + 6a;. 
& 2a: + 17 + 5ar = 21-8a; + 8-2a;. 

9. x + Sx + 7 + 9 + 5'=dx-2x + Sx-2i: 
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If the process of solving equations is now understood, 
solve the following by the shorter method, generally used; 
as, 

10x + 7 = 5x + 17. 

6x=10. 

x = 2. 



Verification 

8 + 7 + 12 = 6 + 17 + 4. 
27 = 27. 



Again, 



T + ^-"T+'- 



Since multiplying a fraction by its denominator, or any multiple of 
its denominator, will give an entire quantity (why?), if we multiply 
each member of the equation by the L. C. M. of the denominators, we 
shall remove the denominators and not affect the value of the equa- 
tion. (Why?) 

Multiplying each member of the equation by 10 (the L. C. M. of 2 
and 5), we have 



Combining, 

Transposing, 

Combming, 



25 X + 40 - 10 ar = 12 a: + 70. 
15 a: + 40 = 12 a: + 70. 
15 a: - 12 X = 70 - 40. 
3 a: = 30. 
z=10. 

Verification 

6>iiO + 4-10 = «ili5 + 7. 

A O 

25 + 4-10 = 12 + 7. 
19 = 19. 



[63] Rule. To solve a simple equation^ clear the equation 
of fractions^ if any. Transpose all the terms containing the 
unknown quantity to the first member and the terms contain- 
ing the known quantities to the second member. Combine and 
divide by the coefficient of tKe unknown quantity. Verify. 
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Find the value of the unknown quantity in each of the 
following equations : 

1. a: + 6 = 12. 6. 7a: + 15=2a:4-20. 

2. a;-4 = 2. 7. 8a;- 7 = 5a: + 14. 

3. 2 a: + 8 = 14. 8. 5 a; -16 = -a; + 8. 

4. 4a:-6 = 22. 9. 12a:-42= 6a;-f 42. 

5. 4a;- 8 = 2 a: + 14. 10. 4a; + 4= 2a: + 12. 

[64] 

U. 6y + 25-2y = 34. 18. 3a; + 6 = a: + 12. 

12. 9a; + ll = 3a; + 35. 19. 8a:-6 = 42. 

13. 10a:-|-2-6a: = 50. 20. 8a:- 6= 2a;-f 30. 

14. 6a;-17 = 4a; + 3. 21. 3a? + 2- 7a:= 14 - 8a;. 

15. 3a; + 7a;=16 + 4. 22. 8y + 12 = 3y-h42. 

16. 2 a;+4a;-3a;= 27+4-7. 23. 2y-9 = 27-4y. 

17. 3a;-4 = 2a; + 6. 24. 10 + 4a; = 7a;- 14. 

[65] 

25. 9-2a? = l + 6a;. 33. 7 a; -33 = a; + 9. 

26. .3 + 7 a; + 7 = 12 a;— 15. 34. 3 a; + 40 = 8 a; -5. 

27. y + 17 = 9y-7. 35. 17a;-37 = 14a; + 2. 

28. 24-6y = 33-9y. 36. 21 a;- 30 = 11 a;- 10. 

29. 124 -7 a; =3 a; +64. 37. 6a;- 7 = 10 a; + 9. 

30. 4a; + 62 = 9a;+12. 38. 34 - 6a; = 3a?- 11. 

31. 2a; + 74 = 9a;-38. 39. 140 + 4a;= 9a; + 60. 

32. 12a;-62 = 8a;-22. 40. 84- 12a; = 30 + 6a;. 
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8] 

6 1 + 120 = 12 1 -120. «4. 6(i-2) = 3(4»-8). 

32 + 7;>-ll:e-12. «s. 8(i+2)-6(2»-12)-4. 

»-17 = 19-2j:. 46. 7CS»-4)=8(6«-9)+2. 

47. 7(2a: + S) = 3(6a! + 4)-7. 

48. 4(1 + 7) = 6(1 -2) +82. 

49. 8(6« + S) = 8(12»-10)-6. 
JO. 2(7 a: + 17) = 9(4 1 -20) +16. 

51. 2(a!+l) + 4(a: + 2)=6(8i-2)-16. 
M. 2(2»-2) + 4(4»-4)=6(6i-6). 
M. 9(7i-3) + 9-6(4i + 4)+8(6» + 7). 

FBAOTIOHAL BQXTATIONB 

7] In the following equations, find the value of the 
lown quantity, hy transposing and combining, with- 
jlearing of fractions: 

. Ja; + 6 = 12-f z. 57. Ja; + Ja; = Ja!-2. 

. 4.-8.7-i«. 58. ix-ix-ix + S. 

. f i+3 = ll-Jii!. 59. 2S-ix-^i. 

8£_4» . 

10 6 

61. ix-G-ix + 8 = ^x-^x + G~ix. 

62. ix + n-ix=n + iix-ix. 

63. 2.1a;-16 = 39-S.4». 
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[68] Solve the following by first clearing of fractions 
(see page 76) : 

This is the same as Example 61, page 78. 

65. _ + 17---12 + — --. 
This is the same as Example 62, page 78. 

This is the same as Example 63, page 78. Which method is the 
easier? 



OPTIOVAL WORK 



5a? Sa;_7a; o 

X .X fl?_a:ll 
^- 4 + 6"6""i0 + "2"* 

69. 3^ + 1=2^ + 8^. 

__ bx ,2x ati Sx , 7x 
6 3 8 12 

__ . X , Sx H/x 4a: , 3a; 

^' *+4+T" T"*'T' 
72. £±i=3+'^-i 



73. 



3 7 

6a;-4 3a; + 2 4 



9 18 9 

(Be careful about the — sign before the fraction.) 
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3a!-5 _ 5j;-l 18 
6 12 12 



XX 



-7 
4 



7. 



Zx-i 

8 
ix-Q 5a: 



4' 8 -«• 



80. 2a;-7 + 33; 



In the solution of problems there are two distinct 
atepa. 

1st. The statement of the problem; that is, expressing 
the conditions of the problem in algebraic language an! 
concluding with an equation involving those conditions. 

2d. The solution of the equation; that is, finding the 
value of the unknown quantity. 

The first part is not algebra proper, although it is neces- 
sary in order to present an equation for solution. 

To state a problem properly requires knowledge of tbe 
subject and ingenuity iu combining the conditions, so as 
to secure as simple an equation as possible. 
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You should read the problem over very carefully. Do 
not hastily start, " Let a; = " the first unknown quantity 
you see in the problem. Rather study all the conditions 
and see whether, having the answer given, you can prove it. 

Remember, also, that each member of the equation must 
represent the same kind of units, x must equal some 
number; some number of sheep, of dollars, years, miles, etc. 

1. A farmer bought 4 lambs and 7 sheep for $54. If 
a sheep cost twice as much as a lamb, how much did each 
cost? 

Model Solution 

Let X = number of dollars each lamb cost, 
2 a: = number of dollars each sheep cost. 

4x4- 7(2 x) = 54. Verification 

4a: + 14x = 54. 4x3 + 7x6 = 54. 

18a: = 64. 12 + 42 = 54. 

X = Sy number of dollars each lamb cost. 
2 X = 6, number of dollars each sheep cost. 

2. A boy bought an algebra and a dictionary, paying 
$4.60 for both. If the dictionary cost 8 times as much 
as the algebra, how much did each cost ? 

3. A company of 294 persons consisted of men, women, 
and children. If there were twice as many women as 
children, and 4 times as many men as children, how many 
were there of each ? 

4. Frank's age is twice his sister's age, and the sum of 
their ages is 80 years. How old is each ? 

5. The sum of two numbers is 120, and the larger is 
4 times the smaller. What are the numbers ? 

potter's alo. — 6 



f * 
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[69] 6. The sum of two numbers is 75 and their differ- 
ence is 15. What are the numbers ? 

Suggestion. The larger of two numbers = the smaller + the 
difference. 

7. Find two numbers such that their difference is 12, 
and if 25 is added to their sum, the amount will be 75. 

8. Find two numbers whose sum is 150 and whose 
difference is equal to the smaller. 

9. Find two numbers such that their sum is 160 and 
the larger equals 3 times the smaller. 

10. Find two numbers whose difference is 80 and one of 
which is 3 times as large as the other. 

11. Find two numbers whose sum is 4 times the smaller, 
and whose difference is 40. 

12. Find two numbers whose sum is 150 and whose dif- 
ference is equal to ^ the larger. 

[70] 13. A man's horse and carriage are worth $360. 
The horse is worth f 60 more than the carriage. How 
much is each worth? 

14. A merchant failing in business owes A twice as 
much as he owes B, and he owes C as much as he owes A 
and B. If he owes $ 5400 in all, how much does he owe 
each ? 

Will it be best to let x = what he owes to A ? 

15. The ages of four children are just 3 years apart. 
If the sum of their ages is 90, what are their ages? 
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16. A man left his property to his wife, son, and daughter, 
leaving his son ^ as much as his wife, and his daughter ^ 
as much as his son. How much did he leave each, if his 
property was worth 170,000? 

To avoid fractions, let x = the sum he left his daughter. 

17. A man having no children left his property to his 
wife, his brother, and his sister. To his sister he gave J 
as much as to his wife, and to his brother he gave ^ as 
much as to his sister. If the wife received $30,000 more 
than the brother, how much was the property worth ? 

18. A man spends J of his yearly income for board and 
^ for other expenses, and saves $500. What is his income ? 

19. Divide a stick 86 inches long into two parts so that 
the shorter part shall be just | as long as the other. 

20. A certain number diminished by its ^ and ^ equals 
25. What is the number ? 

[71] 21. A man, being asked his age, replied that if 
his age were diminished by its \ and 10 years it would be 
equal to 20 years. What was his age ? 

22. If Mr. Frank's age is increased by its J and ^, the 
sum will be 92 years. What is his age ? 

23. From a barrel of oil ^ leaked out ; then 8 gallons 
were sold. The barrel was then § full. How many gal- 
lons were in it at first ? 

24. I am thinking of a number. If I double it and 
then take away ^ of the product, I shall have 24. What 
number have I in mind ? 

25. Six times a number diminished by 12 equals 8 times 
the number. Wh^.^ is the number ? 



Three times a number increased by 100 equaU 8 
. the number. What is the number ? 

Divide $200 between Charles and Frank so that 
les shall have $40 more than Frank. 

A prize of $4500 was divided among three racers, 
leiving $500 more than B, and B $500 more than C. 
mnch did each receive ? 

!] 29. If a certain number is doubled, and then in- 
ed by 20, the result is 14 less than 4 times the uumber. 
the number. 

Find a number whose double exceeds its half by 6. 

Find a number whose half is 12 less than its |. 

A man earns $1 a day more than his son. In 10 
they together earn $40. What are the daily wages of 
? 

A boy earns 50 cents a day less than his father, and 

days the father has earned $20 more than the sou 
. in 10 days. Find the daily wages of each. 

The deposits in a bank during three days amounted 
4,000. If the deposits each day, after the first, were 
le those of the preceding day, how much was deposited 
day? 

The sum of three consecutive numbers is 68. What 
hs numbers ? 

I have as many dollars in my right-hand pocket as 
e quarters in my left-hand pocket. If I transfer six 
rs from my right-hand pocket to my left-hand pocket, 
ill have the same amount of money in each pocket, 
many dollars and how many quarters have I ? 
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PEBCENTAQB 

[73] 1. A man spends 33^% of his salary for board, 
25% for clothes, and 20% for incidentals. If he saves 
$260, what is his income ? 

(Transform percentage values into equivalent common fractions.) 

2. A man spends 40% of his income for board, 33^% of 
the remainder for clothes, and $250 for incidentals. If he 
saves f 550, how much is his income ? 

3. A man sold a horse for $300, thereby clearing 25% 
of the cost. How much did it cost ? 

4. A man sold a house for $4000, and lost 20% by the 
transaction. How much did the house cost ? 

5. A merchant gained 16|% by selling a pair of skates 
for $5.60. How much did they cost ? 

6. A farmer sold 10 cows at $63 each, at a gain of 
40%. How much did he pay for his cows, and how much 
did he gain ? 

7. A man bought a farm and sold it so as to clear $200. 
If he made 10% by the transaction, how much did he get 
for the farm ? 

8. A merchant sold goods at a profit of 16^%. If he 
cleared $16 on a set of furniture, how much did he get 
for it ? 

9. If a man bought a house for $2400 and sold it for 
$3000, what per cent did he gain ? 

(Let -^ = rate.l 
V 100 / 

10. A man bought a horse for $250 and sold it for $300. 
What per cent did he gain ? 
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[74] You have learned in interest that the principal 
multiplied by the rate multiplied by the time (in years) 
will give the interest. Or, 

P X 5 X r= /. 

Having any three of these quantities g^ven, the fourth 
may easily be found by solving this equation for the 
unknown quantity. 

I. To find the interest 

What is the interest of 1250 for 5 years at 4%? 

Let X = interest 

General equation, PR T^L 

Substituting, 260 x ^— r x 5 = a:. 

6000 = 100 X. 
x=:60. 

II. To find the principal. 

What principal will give f 90 interest in 8 years at 6%? 

Let X = principal. 

General equation, PR T=L 

Substituting, a: x -^ x 3 = 90. 

18x = 9000. 
a: = 600. 
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III. To find the rate. 

At what rate will $700 give $210 interest in 7 years 
6 months ? 

Let X = rate. 

General equation, PR T—I, 

Substituting, 700 x -^ x — = 210. 
^ 100 2 

10500 X = 42000. 

x = 4. 

IV. To find the time. 

In what time will $400 give $240 interest at 5%? 

Let X — time in years. 

General equation, PR T=L 

Substituting, 400 x -^ x a; = 240. 

2000 X = 24000. 
a: = 12. 

The above are the four cases of interest. Apply the 
formulas to the following examples : 

1. Find the interest of $176 at 4% for 7 years. 

2. Find the interest of $324 at 4% for 3 years. 

[75] 3. Find the interest of $1250 for 6 years at 3J%. 

4. Find the interest of $650 for 4 years 6 months at 
4%. 

5. Find the interest of $480 for 3 years 6 months at 
5%. 

6. What principal will in 3 years at 5% give $300 
interest ? 
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7. What principal will in 10 years at 6% give $300 
interest ? 

8. At what rate will $300 give $60 interest in 4 years ? 

9. In what time will $500 give $40 mterest at 4%? 
10. In what time will $800 give $160 interest at 5% ? 



OPTIONAL WORK 

1. Find the interest of $720 for 4 yr. 6 mo. at 5%. 

2. Find the interest of $850 for 3 yr. 3 mo. at 4%. 

3. Find the interest of $1200 for 5 yr. 8 mo. at 6%. 

4. What principal will in 3 years at 5% give 
interest ? 

5. The interest on a certain sum of money for 7 years 
6 months at 6% is $360. Find the principal. 

6. What principal will give $180 interest in 4 years 

7. At what rate will $200 give $ 114 interest in 9 years 
6 months ? 

8. At what rate will $600 amount to $708 in 4 years ? 

9. How long will it take for $300 to gain $60 interest 
at 4% ? 

10. If the principal is $1000, interest $270, and rate 
6%, find the time. 



ORIGINAL WORK 



Select problems under parallel cases in percentage and 
interest in arithmetic and solve by algebra. 
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ADDITION AND SUBTRACTION 

[1-7] Review pages 24 to 37, taking the "Optional 
Work." (Allow seven lessons for this review.) 

EXAMPLES FOR ADVANCED WORK IN ADDITION AND 

SUBTRACTION 

[8] 1. Add 9 4- a; and 6 — y. 

2. Add 2a-2 + 3a-h46-l, 2a-36-f26-l, 45- 
2a-2-66-l,8a-3a-2 + 2 6, and6a2+36-l4-4a. 

3. Add 6 ^y — xy^ — 3 a:^, 3 xy^ — 2 y^ + a;^, 8 2:^ + 5 ^, and 
9 Qi?y —2Qfi-\- xy^. 

4. Add my^ — 9ny"\-1p^ —2my^-j-Sny-'6py Tny-- 
4 J9, and 3 my^. 

5. Add 7 a*y — 2 ay^ + 7, a^y 4- 3 ay^y and 2 + 3 a*y — ay^. 

6. Add 3(a — 6*)(2: + y), a(x-\-y^y bc(x-\'y')^ and 
2(a — c)(x + y^. (What is the common term ?) 

7. AM\ab-\ay-^2xy-lax, ^ay -\xy,\ay -^xy 
+ § aJ, and ^ax'\-2ay — \ah. 

8. Subtract the sum of \a-{-b — \cy a — JJ + Jc, and 
J6 — |a — J<? from a-^b — c. 

89 
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MULTIPLICATION 

[9] Review multiplication, pages 89 to 45. 

To multiply when the multiplier is a binomial. 

Multiply 2467 by 42. 

This means to multiply 2000 + 400 4- 60 + 7 by 40 + 2. 

We multiply each term of the multiplicand by the 2 and then by 
the 40 (or four tens). In practice, however, we multiply the fig^ores 
in the different orders by each term of the multiplier, keeping the 
orders of the partial products in their proper columns. 

In algebra the operation is much simpler, as there is no carrying. 

Multiply 7? + y^ — xyhyy + x, 

For convenience the multiplicand and multiplier should be arranged 
in the same order and according to the exponents of the letter selected. 
We can arrange this example according to x or y, but algebraic expres- 
sions are generally arranged in the order of letters of the alphabet. 

The multiplicand arranged according to x would be x* — xy + y*. 
The multiplier would be x + y. 

X* — xy + y* 

x4-y 

x* — xhf + xy* 

x^y - jy ' 4- y* 

x» +y« 

In algebra the multiplier is placed at the left for convenience, as we 
generally start to multiply by the left-hand term. 

In arithmetic each term of the multiplicand is multiplied by each 
term of the multiplier. For the same reason, in algebra, each term of 
the multiplicand must be multiplied by each terra of the multiplier. 
The partial products are arranged in columns containing similar terms, 
for convenience in adding. In this particular example some of the 
partial products cancel each other, and the product is x*+y'. We 
readily see that this case is but an extension of the case of multiplying 
by monomials. 
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Rule. To multiply a polynomial by a polynomial, multi- 
ply each term of the multiplicand by each term of the multi- 
plier separately, and add the partial products. 

Multiply : 

1. a + 4 by a + 10, 

2. a; — 11 by a; — 2. 

3. x + y + lhjx-^1. 

4. — a; + 3 by - a; — 3. 

5. a^ — aft + 6^ by a — 6. 

[10] 6. 2a8 + 4aa + 8a+16by 3a-6, 

7. 3 a? + y by a; + 2 y. 

8. 2a8 + 8a-4by a2-4. 

9. 2a:8 + 3a? + 4a; + lby 3a:-5. 
10. a2«50a + 100by a + 2. 

U. 4 a^y + 2 xy^ + 1 by a; + y. 

12. 3aa; + 3a + a; + l by 2a — 1. 

13. 262-26-2 by J + 2. 

14. X + xy — y'^ hj X — y. 

15. w — w2 + w — w^ by m — w. 

* 

16. a? — a? + l by a; + l. 

17. 3 aa; + 4 a + 4 by aa; — 1. 

[11] 18. a; + y — a by a? + a. 

19. 3 a; + 4 by a; — 4. 

20. 2a<? + 3{? + 4 by a(? — 2. 
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ORIGINAL WORK 

Make up five examples in multiplication and work out. 



OPTIONAL WORK 

Multiply : 

1. l+x + a^ + afl + T^hyl^x. 

2. 4a2 + 6aJ + 962by 2a-36. 

3. 163?^ixi/-'20t/^hy Sx — 5ff. 

4. 22^ + 2x^y-{-2xy^'\-2f/^hyx-y. 

5. af^ + y^ by a?" — y". 

6. x^ + y^ hy x — y. 

7. -ar8 + 9a; + 10by -a;-4, 

8. a;* — x^y^ + y ' by x^ + y ' . 
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[12] Preserve the answers. 
Set I 

Multiply . 

1. a; + y by a: + y* Z. C'\-dhy c + d. 

2, a + b hy a + 1. 4. tw + w by w + n. 

5. 2a: + 3 by 2a;-h3. 

Compare these five answers as to number of terms, 
signs, and exponents. 
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Set II 

1. X —y hy x — y. 3. c — dhyc^d. 

2. a — 6 by a — ft. 4. w — n by m — w. 

5. 2a;-3by 2x-S. 

How do these examples differ from those in Set I ? 
Compare these answers as you did those in the previous 
set. How do they compare with those in Set I ? 

Set III 

1. a; + y by jr — y. 3. c-{-d hy c — d. 

2. a -f 6 by a — 6. 4. w — w by wi + w. 

5. 2a; + 3 by 2a;-3. 

How do these examples compare with the previous five ? 
How do the answers compare with one another ? 

[13] To find the square of the sum of two quantities. 

By studying examples in Set I you see that you are to 
multiply a binomial consisting of the sum of two quanti- 
ties by itself, or square the binomial. 

Observe : 

I. That the result is always a trinomial. 

II. That the first and third terms of the product are 
the squares of the first and second terms of the binomial. 

III. That the second term of the product is twice the 
product of the terms of the binomial and is positive. 
Hence we have the following principle : 

Principle. The square of the sum of two quantities is 
equal to the square of the first plus twice the product of the 
first by the second plus the square of the second. 

Formula : (a + i)^ = a^ + 2 a6 + i^. 
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Write out the answers to the following examples with- 
out multiplying. If you cannot do this, work again the 
examples in Set I, studying the process and the results 
carefully with reference to the principle. 



1. 


(x + a) (x 


+ a). 


9- (a' + y*)*- 


2. 


(m + n) (w + w). 


10. (2x + 8yy. 


3. 


(a 4-1) (a 


+ !)• 


11. (3a + 4)«. 


4. 


(a 4- 7) (a 


+ 7). 


12. (2 a; + 4) (2 a; + 4). 


5. 


(0^ + 2)2. 




13. (3a + 5)(8a + 6). 


6. 


(a + xy. 




14. (2x + J)«. 


7. 


(6 + 4)2. 




M. (4a; + iy)«. 


8. 


(32: + y)2 


t 


16. (<Z + 8(j)». 


ORIOmAL WORK 







Make up three examples like the above and write the 
products or squares. 

[14] To find the square of the difference of two quantities. 

By studying the examples in Set II you notice that you 
are to find the square of the difference of two quantities, 
instead of the square of the sum of two quantities, as in 
the first set. How do the products of the two sets com- 
pare ? Deduce the following principle : 

Principle. The square of the difference of two quantities 
is equal to the square of the first minus twice the product of 
the first by the second plus the square of the second. 

Formula : (a - 6)2 = a^ - 2 aJ + J^. 
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Write out the following results without multiplying. 
If you cannot do this readily, work the examples in Set 
II again until you can apply the principle and formula 
readily. 



1- (a'-yXa'-y)- 


9. 


(3a-2x)a. 


2. (x — a)(x — a). 


10. 


(ab - 4)«. 


3. (a -6)2. 


U. 


(4a:-2y)a. 


4. (a!-7)«. 


12. 


(2 a— 36)2. 


5. (7-2)8. 


13. 


(a* - 62)2. 


6. (a-Sxy. 


14. 


(a -J 6)2. 


7. (2a-c)«. 


IS. 


(.2x-{yy. 


8. (2a-4)«. 


16. 


(i-2y)». 


OBIGIHAL WORK 







Make up three examples like the above and write the 
products or squares. 



[15] To find the product of the sum and the difference of 
two quantities. 

Study the examples in Set III and see whether you can 
deduce the following principle : 

Principle. The product of the sum and the difference 
of two quantities is equal to the difference of their squares. 

Formula : (a + J)(a — J) = a^ — J^. 

Write out the following products without multiplying : 

1. (a + 6)(a-6). 4. (a + 3)(a-3). 

2. (m 4- n)(m — w). 5. (2 a 4- 4)(2 a - 4). 
3- (a^ + y)(^-y) 6- (4a: + y)(4a;-y). 
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7. (2a + 6)(2a-6). U. (a + 3aj)(a - 3 a;). 

8. (a + 2y)(a-2y). 12. (a: + iy)(a: - iy). 

9. (9 + 3)(9-3). 13. (a;2-2;)(a? + 2;). 

10. (w2 + w2)(w2 - n2). 14. (2a3-3y2)(2a2+3^). 

ORIGINAL WORK 

Make up three examples like the above and write the 
products. 

[16] Product of two binomials having a common term. 



x+2 


x+2 


x-2 


x-2 


x+6 


X —6 


X —6 


X +6 


a^+2x 


a^+2x 


a^-2x 


sfi-2x 


6a;+12 


-Qx-n 


-6a;+12 


6a:-12 


x'+Sx+U 


x'-ix-U 


a?«-8a:+12 


ar»+4a;-12 



From these examples we may deduce the following 
principle : 

Principle. In the product of two hinomials having a 
common term the first term of the product is the square of the 
common term; the second term is the algebraic sum of the 
unlike terms multiplied by the common term; the third term 
is the product of the unlike terms. 

Write the product of the following quantities : 

1. (a; + 3)(a; + 5). 6. (6 + 9)(5-8). 

2. (x + S)(x + l). 7. (w + 8)(?»-2). 

3. (a+6)(a + 4). 8. (y4-2)(y-4). 

4. (a;-|-4)(a;- 1). 9. (x -\-V)(x— Q^. 

5. (a + 7)(a-3). 10. (c + 4)((?-9). 
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[17] 

11. (a + 3)(a-4). 16. (3-8)(3 + 20). 

la. (a-2)(a-3). 17. (1 -4 J)(l-26). 

13. (a:-4)(x-7). 18. (a + 5)(a-3). 

14. (y-3)(y-6). 19. (6 + 9)(i + 2). 

15. (a;-2)(a!-9). 80. (ft-10)(J + 3). 

[18] 

21. (a + 7) (a + 4). 28. (a: + 2a)(a;+ 3 a). 



. (a: + 12)(a:-2). 29. (2a; + 4)(2a; + 2). 

23. (a-4)(a-12). 30. (3a + 7)(3a- 6). 

24. ((? - 2)((? - 5). 31. (4 + a?)(4 + y). 

25. (a;-a)(a;-2a). 32. (6-a)(6-6). 

26. (a;-2a)(aj + 4a). 33. (6a? + 12)(62; - 2). 

27. (a? + a)(a?-3a). 34. (a? - 3)(a? - 2). 



OPTIOITAL WORK 



Make up three examples like the above and write the 
products. 



DIVISION 



[19-20] Review Division by Monomials, pages 46 to 51. 
Take optional problems (one lesson). 

potter's alq. — 7 
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When the divisor is a binomial. 
Divide 4615 by 71. 

71)4615(65 
426 
355 
355 

We find the first figure, or term, in the quotient by " trying " the 
first term of the divisor into the first term or terms of the dividend. 
7 into 46 will give a quotient of 6, the first term of the quotient. 
Multiplying the divisor by the first figure of the quotient, subtracting 
and bringing down another term of the dividend, we have 355 for a 
new dividend. 

Again we " try " the first term of the divisor into the first term or 
terms of the dividend, and find that 7 will go into 35, 5 times. Multi- 
plying the divisor by the new term of the quotient, 5, and subtracting, 
we find the division is complete and exact. 

Now in algebra the process is almost exactly the same. 

Divide «» -- 5 a + 12 + 2 a^ by 4 + a. 

We must first arrange the expressions in order of the same letter. 

In algebra, for convenience in multiplying and to save space, we 
write the divisor at the right of the dividend and the quotient below, 
as follows : 

a« + 2 a2 - 5 a + 12 
a* + 4 a« 



-2aa 
^2aa 


-5a 

-8a 






3a 
3a 


+ 12 

+ 12 



a + 4 



a«-2a + 3 



div^r^"? *^« fli-st term of the dividend by the first term of the 

We m i'kT ""^ "'' **»* ^^ *«™ °* tl'^ quotient. 

from the"dMden!i^ ^'^^" ^^ *^^ *"''"' "'' *"*^ ''*^*"^' **** P'^"'* 

other term of th."^- ^* remainder is - 2 ««. We bring down an- 

termof the n ''^. "^^^^dend for a new dividend. Dividing the first 

new dividend by the first term of the divisor (a), for the 
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second term of the quotient we get — 2 a. Multiplying the whole 
divisor by —2a, we have — 2a*— 8a. Subtracting, we have a re- 
mainder of 3 a. Bringing down the remaining term of the dividend, 
we have 3 a + 12 for a new dividend. Dividing the first term by the 
first term of the divisor (a), we have 3 for the third term of the quo- 
tient. Multiplying the whole divisor by 3 and subtracting, there is no 
remainder. The division is, therefore, exact, and a* — 2 a + 3 is the 
quotient. Prove it. 

The process is the same, no matter how many terms 
there are in the divisor. 
Divide a^—b^hj a — b. 



a«-6» 




a-h 


a^-a% 


a* 4- aft + 2»^ 


a%- 


-6» 




aV>- 


-ab^ 




ai^ - 6» 




a62-6^ 


1 



In this example the second term in each product is unlike any term 
in the dividend. It is brought down first because the expression is 
arranged according to a, and the term containing a should precede the 
term having no a in it. This course follows until the division is 
completed. If there is a remainder, it is added to the quotient as 
unperformed division, the same as in arithmetic. For example, 



a:4-2 



H-ar + l - 



a- + 2 



a:« + 2a;^ 

x^ + 3 a: 

a:-3 

a: + 2 
-5 

Rule. To divide a 'polynomial by a polynomial^ arrange 
the dividend and divisor according to the powers of the same 
letter. Divide the first term of the dividend by the first term 
of the divisor for the first term of the quotient. Multiply the 
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divisor by this term of the quotient^ and subtract the product 
from the dividend. To the remainder annex one or more 
terms of the dividend for a new dividend. Divide as before, 
and contintte the process as far as possible. 

If there is a remainder^ express the uncompleted division 
in the form of a fraction and annex it to the quotient with 
the proper sign. 

Perform the multiplication indicated in Example 6 on 
page 92. Then divide the product by the multiplier and 
see whether the quotient equals the multiplicand. 

• 

[21] Divide: 

1. a2 -f 2 aJ + 6^ by a + 6. 

2. 2^ — 2 xy -^ y^ hy X ^ y. 

3. a? — a; — 12 by a; — 4. 

4. a? -11 a; + 28 by a; -7. 

5. a8 - 3 a% + 3 aja _ j8 by a - b. 

6. a8 -h 6^ by a + 6. 

7. 2a:8-19ar5+26a;-16bya;-8. 

8. a^ — J^ by a — 6. 

9. a:2-f-2a:-8bya;4-3. 
10. a:2-lla; + 24by a;-8. 

[22] 11. a2 + lla-h28 by a + 4. 

12. J2_4j_i2 by 6-6. 

13. 7w2-9w-22 by m-11. 

14. c*- 8^2 + 15 by c2-3. 

15. dh? + 6 dxy — 9 <ia; — 64 y by dx + Gy. 
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16. a* + 8a«-9 by a*-l- 

17. a*tf* - 10 a^^a + 24 by aV-6, 

18. 2:8 + 9x8-86 by 2^8 + 12. 

19. a?* — y* by 2? — y^. 

[23] 20. a?*-y* by aj-y. 

21. a* + 6* by a + J. 

22. 16a^-81 by 2x + 8. 
* 23. 16aJ*-81 by 2a:- 3. 

24. 12a2+13a-14 by 3a-2. 

25. a:* — 2 a;y + y* — arz -h y2 by x — y. 

26. xy + t/z-^ax'\-az by a: + 2. 

27. 6a8-16a26 + 6a*2 + 468 by 2a-46. 



OPTIONAL WORK 

Divide: 

1. a^-\-7 ab + 101^ hy a + 2b. 

2. 20c2-32<?i-|-12(P by 5c-3d. 

3. a:® — 2 2/^t/^ + y8 by q^—t/^. 

4. aa-4a-ha^ + 80 by a + 5. 

5. a«-2a62+J8 by a-6. 

6. 3 (w 4" w)^ + 4 (m + w) by (w 4- w). 

7. a; — y by a;*-f y*. 9. a:» — y* by a:* — y*. 

8. a^-fl by a + 1. 10. a^ — b^"" by a*" — 6"». 

11. a*-a8_^_i by a2 + l. 
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SPECIAL CASES IN DIVISION 

[24] Set I. Divide : 

1. a^ + b^ by a + b. 3. a^ + V^ by a — ft. 

2. a* + 6* by a + b. 4. a* + 6* by a — 6. 

Notice in these four examples that the divisor is not 
exactly contained in the dividend. 

Principle. 77ie sum of the same even powers of two 
quantities is not divisible by the sum or by the difference of 
the quantities, 

ORIGINAL WORK 

Make up an example like the above and divide. 

Set II. Divide: 

1. cfi — V^ by a + b. 3. c? — l^ by a — 6. 

2. a*— 6* by a + b. 4. a* — 6* by a — ft. 

Preserve these answers and those in Sets III and IV, 
written out in neat form. 

Principle. The difference of the same even powers of 
two quantities is divisible by the sum and by the difference 
of the quantities. 

Set III. Divide: 

1. a^ + b^ by a + b. 3. cfi + b^ by a - ft. 

2. a^ + b^ by a + b. 4. a^ + b^ by a — ft. 

Principle. The sum of the same odd powers of two 
quantities is divisible by the sum of the quantities but not 
by their difference. 
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ORIGINAL WORK 



[25] Make up one example like those in Set III and 
work it out. 

Set IV. Divide : 

1. a^ — J^ by a — 6. 3. cfi — b^ hy a + b, 

2. a^ — Jfi by a — 6. 4. a\—b^ by a + 6. 

Pbinciple. The difference of the same odd powers of 
two quantities is divisible by the difference of the quantities^ 
but not by their sum. 

ORIGINAL WORK 

Make up two examples like those in Set IV. 
These principles may be combined as follows: 

1. Even Powers. — The sum of the same even powers of 
two quantities is divisible neither by the sum nor by the dif- 
ference of the quantities; but the difference of the same even 
powers of two quantities is divisible both by the sum and by 
the difference of the quantities* 

2. Odd Powers. — The sum of the same odd powers of two 
quantities is divisible only by the sum of the quantities; and 
the difference of the same odd powers of two quantities is 
divisible only by the difference of the quantities, 

[26] Examine your answers to the examples in Sets II, 
III, IV. 

How many terms are there in the quotient compared 
with the exponent, or power, of the dividend ? How do 
the letters run in the several quotients ? How do the 
signs run? Can you write out the quotients of the fol- 
lowing without dividing ? If not, divide by long division, 
comparing with the proper examples in the previous sets. 
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1. a^ + y* divided by ic4-y. 

2. a^ — y* divided by a: + y. 

3. a^ — y* divided by x — y, 

ORIGINAL WORK 

Make up three examples like those on pages 102 and 
103, using m and n for the quantities. 

[27] What binomials will divide the following? Write 
the quotients without dividing. Study carefully, seeing 
which set each example comes under. 

1. a8 + c8. 4. a^-J^ 7. a^ — y*. 10. a^ + y*. 

2. a?-y\ 5. Jfi + c^. 8. a? — y^. 11. m^-k-rfi. 

3. a* + y*. 6. cfi — ^. 9. a:"4-y*. 12. m*— n*. 

ZERO EXPONENT AND NEGATIVE EXPONENTS 

[28] Divide a^ by a\ 

If we divide by subtracting the exponents, we have 

a» -f- a« = a»-a = a^ 

If we express the division in the form of a fraction and reduce to 
lowest terms, we have ^a ■■ 

Hence, a® = 1. 

We can make this general by using a^ ; that is, any quantity with 
any exponent. a^ ^ Qn =, oT^ = a^. 

a» 
Hence, ' a® = 1. 

That is, 

Any quantity with zero exponent is equal to 1. 



ZERO EXPONENT AND NEGATIVE EXPONENTS 106 

If the exponent of a letter is the same in dividend and 
divisor, the letter does not appear in the quotient. (Why?) 

If the exponent of a letter in the divisor is greater than 
the exponent of that letter in the dividend, the exponent 
of that letter in the quotient will be negative. 

This must necessarily follow, since the exponent of that 
letter in the quotient is equal to the exponent of the letter 
in the dividend minus the exponent of the letter in the 
divisor. 

Divide 9 a^bc by 3 al^b^c. 

By subtracting the exponents in the process of division, we have 

3aW)9 a^hc (3 a^-^b^-^^-^ or 3 a-% i. 
9aV)c 

If a letter appears in the divisor and not in the dividend, 
it is written in the quotient with the sign of the exponent 
changed. 

Scfl 



Divide 



2a%' 



Since there is no b in the dividend, ffi (being equal to 1) may be 
written in. o .j. 

2a^b 
Divide: 

1. 32 cfiyh^ by 16 a^yV. 3. 24 a*"+2 by 3 a^. 

2. 26 a^f by 13 a?y^sfl. 4. 24 a^ by 3 a"*. 



[29] Take the fraction. 



Sab 



4c 
If we multiply each term of the fraction by a~^b~^c~\ 

we shall have ,, , ^ . This equals, by previous case, 

- — — — ■. That is, we have changed the factors a and b 
4 a"^6"* 
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from numerator to denominator, and e from denominator 
to numerator, by changing the signs of the exponents. 

Take a general case, as — , in which m and n are any 
exponents. 

Multiplying each term of the fraction by a~"*6"*, we have 

We conclude that, 

A letter that is a factor of either divisor or dividend 
may be changed from one term to the other by changing the 
sign of its exponent. 

Transpose the letters having negative exponents to the 
other term. 

Divide: 

1. 12 ab-h^ by 2 b^d^x. 5. 25 axy'^ by 6 axyz'^ 

2. 12 JVx-i by 2 a-W<^. 6. 82 ahi'^y by 8 a-^a^y^sfi. 

3. 24 dh?y by 6 a''^Qfiyz. 7. 20 a^af^y'"^ by 4 aj;~^y^~\ 

4. 16 a}c-2 by 4 a26-aA 8. 27 a^J-Vi by 9 a»J-8(?. 

[30] Divide: 

9. IS a;V"*2 by 8 x'^yz'^. 10. 18 ahc-'^ by 6 a~*62c-2. 

In the following, transfer the different letters from divi- 
dend to divisor, and vice versa : 

1. g^_ 3t-iy-\ ^ 4a-^6 

^ 2 g-iftg 6 g"*d-"> 
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THB PARENTHESIS 

On pages 16, 88, and 51 we took up the subject of the 
parenthesis. We shall now discuss it more fully. 

As we may sometimes have a parenthesis within a 
parenthesis, it is necessary to have several signs which 
are used for the same purpose. 

They are : ( ) parenthesis, [ ] brackets, \ ] braces, 
vinculum. These are called signs of aggregation. 

To show the uses of these various signs, let us simplify 
the following expressions without combining : 

24-[30-{10-(9-6T2)n. 

We remove the inDermost sign first, which is the vinculum. It has 
the minus sign before it. Hence we have 

24 - [30 ~{10 - (9 - 5 - 2)}]. 

The parenthesis is next. Removing it, we have 

24-[30-{10-9 + 5 + 2}]. 
Removing the braces and brackets in order, we have 

24 - [30 - 10 + 9 - 5 - 2] = 
24-30 + 10-9 + 5 + 2 = 
24 - 39 + 17 = 
41 - 39 = 2. 

[31] Remove the signs of aggregation from the follow- 
ing expressions. Do not attempt to remove more than 
one sign at a time. Commence with the innermost sign 
and work outward : 



1. 15-(10-9-7-4). 



2. 16-(18-7 + 8-5-12). 



3. 3_[i7-(34-20)-7+- 18 + 18]. 
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4. 3(3 + 7 -4) -4(24- 13 + 9). 

5. 9-[3-(7 + 6) + 14-12^]. 

6. 27 -(13 -{17 -32 -19} + 3). 

7. -{-[-(>-3T4)]l. 

8. -{-3(9 + 7)+7(9-6)}. 

9. 3-{4-[5-(6-r:r8)-9]-10}. 
10. 3a-(4a-2a-6). 



11. 2a-(2a + 6-3a + 4 6). 

12. 4y-(2y-4y + 3y-6y). 

13. 9m — (Sm + 2m — 4:m-'m). 

[32] 14. (3 aa? -3 ay)- (2 arc- 4 ay- 4 oa:). 

15. {3a:-[2a:-(a:-y)]}-[4a;-(8a:-2a:-y)]. 

16. (3aJ + 2J2_4c)_(262_6c? + ai). 

17. a:-y-(a; + y-4). 

18. 3y-(y+3a;-2a;-y). 

Put each of the answers to the last three examples 
within a ( ) with the minus sign before it. 

19. 3(a-J + c)-(a-4J-3(?) + {a-(3a-2c?-5)}. 

20. 3a:-J2a:-[4y-(7a:-8ar+4a:+4y)+y-7a:]}. 

21. 6a-[-3a-7(2a-26)-16J]. 

22. a - [2 a - (3 a - 4 a - 5 a) - 6 a]. 

23. 2a-{-[-(-2a-3a)]J. 

ORIOmAL WORK 

Make up an example like one of the above and work it 
out. 
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FAOTOBINQ 

[33] Review Factoring on pages 58, 54. 

To separate a trinomial Into two equal binomial factors. 

Review Set I, page 92, and Set II, page 93. 

(a + ft)(a + i) = (a + by == a^ + 2 a6 + fta. 
(a-6)(a-J) = (a-6)a = aa-2a6 + 62. 

What, then, are the factors of a? -{- 2ab + 1^? of 

How do these two trinomials differ ? 

How do the two sets of factors differ ? 

What part of the trinomial determines the sign which 
connects the terms ? 

. One of the two equal factors of a quantity is called its 
square root. 

To take the square root of a quantity we take the quan- 
tity with its exponent divided by 2. (Why ?) 

The square root of a* is a^ because a^ x a^= a^^^ = a*. 

The square root of a^ is a"*, because a"* x a*" = a^. 

The sign of square root is the radical sign V* Thus, 
Vi = 2; V^=a. 

Principle. A trinomial is a perfect square when one 
term is twice the product of the square roots of the other two. 

Rule. To factor a square trinomial^ take the square 
roots of the square terms and connect these roots by the sign 
of the other term. The result will be one of the equal factors. 

Note, Always see whether or not the trinomial is a perfect 
square. 
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Resolve the following trinomials that are perfect squares 
into two equal binomial factors : 

1. aH62-2aJ. 6. 6a+66(? + 9A 

2. a2^.a;2_2aar. 7. 49 + 84 + 86. 

3. }^-2hx + 7?. 8. a^+2axy + y^. 

4. a?-2xy + y^. 9. a^+4aa; + 4. 

5. nfi-2mn-n\ 10. T^y^-^-^xyz + l&z^. 

[34] 

U. a^- 10 a + 25. 13. 9a:»- 18a:y + 9y2. 

12. a^^+2a; + l. 14. 144 ^2+120 win+25 w^. 



OPTIONAL WORK 

1. l + 16a + 64a2. 4. 9 m^w^- 36 mn + 36. 

2. 25-10a: + aJ». 5. ar*- H^r^y^^ 49^4.^ 

3. 36a*+60a26a+256*. 6. 9a?»- 12a?y + 4ya. 



ORIODTAL WORK 

Make up three examples under this case and present them 
to the class for solution. Do not make them by squaring 
a binomial ; but write two square end terms and form 
the middle term from the two already written. Thus, 
write for the end terms "9a2" and "496*"; the middle 
term must be twice the product of the square roots, or 
2 X 3 a X 7 ft, or 42 oft. You may make it + or — as you 
choose. The square trinomials will be 

9aa-42aft + 496«, or9aa+42aft + 496». 
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[35] To factor a binomial which is the difference of two 
squares. 

Review Set III, page 93. 

(a + 6)(a - 6) = a2« ja. (^j + 2)(x - 2) = a?- 4. 

What, then, are the factors of a^- 4^ ? of a?- 4 ? 

Rule. To factor a binomial which is the difference of 
two squares^ find the square root of each square term and 
write the sum of these. square roots for one fa^ctor and their 
difference for the other. 

Factor the following : 

2. m^-n^. 7. y2_25. 12. 100-49. 

3. c2-da. 8. 9 -a*. 13. 64-25. 

4. a2-4. 9. 25 -36 (P. 14. a?- 144. 

5. w2-9. 10. aW-i?d?. 15. 81ya-81a:3. 

[36] 

16. 16aW-9mhfl. 22. 121a:a«-4y*« 

17. l-A 23. 169 a«- 196 68. 

18. y*-l. 24. 324|?*-256j92. 

19. y«-25«. 25. 9ii^'»y*»-361y*"». 

20. a8-J8. 26. 16a?«-36y*. 

21. 144w*-81wV*- 27. 625a^-400/. 

ORIGOfAL WORK 

Write down the difference of two squares at random and 
find the factors. Make up five examples of this kind. 
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[37] On page 96 you learned how to write the product 
of two binomials having a common term ; such as, 

.(a; + 5)(a;~2) = a^^+8a;-10. 
(x-5)(a; + 2) = a?-3ir-.10. 

Trinomials of this form are called quadratic trinomials. 
Conversely, quadratic trinomials .can be resolved into 
their binomial factors. 

I. T^e square root of the square term of a quadratic tri- 
nomial is the first term of each binomiaL 

II. The second terms are numbers whose product equals 
the third term and whose algebraic sum is the coefficient of 
the second term. 

Factor a?- 7 a; + 12, 

The first term of each factor is V3 or x. 

The factors of 12 are 6 x 2, 12 x 1, and 3x4. 

Since 12 is + , the signs of the second terms must be alike. (Why?) 
Since 7x is — , the signs of the second terms must be minus. The 
question is, What numbers are there whose product is 12 and whose 
sum is — 7 ? — 3 and — 4 answer these conditions. Hence the 
factors are (x — 3) and (a: — 4). 

Factor a^-bx-^^. 

The factors of 24 are 6 x 4, 8 x 3, 12 x 2, 24 x 1. 

Since the third term is — , the second terms have unlike signs. 

Since the second term of the trinomial is — , the negative quan- 
tity is the greater. Of the factors of 24, which fulfill these conditions? 

It will be seen at a glance that 8 and 3 are the only factors whose 
difference is 5. The 8 is -, and the 3 +. Hence the factors are 
{x - 8)(x + 3). 
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Inspect carefully the third term with its sign. If this 
sign is. + , you know that both the signs of the second 
terms in the factors are the same as the sign of the second 
term in the trinomial. If it is — , you know the signs of 
the second terms in the factors are unlike: the larger 
factor of the third term in the trinomial has the same sign 
as its second term. Take those factors of the third term 
whose algebraic sum is the coefficient of the second term. 

Finally, prove that your factors are correct by multi- 
plying them together. 

Factor : 
1. a2— 5a+4. 3. a?— 8a: — 4. 5. w^— 4m— 12. 
. 2. 52+65 + 8. 4. y2-2y-15. 6. a?+7a; + 10. 

[38] 

7. c2-13(?+12. 12. a^-lQx + lQ. 

8. eP-6rf-6. 13. a?-13a: + 40. 

9. y2 + 2y-24. 14. ya_9y4.20. 

10. 22_|.82-48. 15. a2-3a-18. 

11. y2_5y_i4. 16. 62_i5j + i4^ 

ORIGm AL WORK 

Make up two examples under this case by assuming the 
factors and taking their product. Present them to the 
class for solution. 



OPTIONAL WORK 

Factor the following algebraic expressions : 

1. 81ar*-18a:y + y2. 4. af^-2a?f + f. 

2. 25a2 + 40a5 + 1662. 5. 4:7^^Ua?y^ + \21y^. 

3. 16a^+32a:2y2 + i62^. 6. a^"* - 2 a"»6"» + J^w. 

potter's A LO. — 8 



I 



114 SEDUCTION OF FRACTIONS 

7. 144wa-312wn+169n«. 10. a*»-6*»- 

8. 36aa-36i2. u. 2?^^y^. 

9. 144w«-169n«. 12. (a? - y)^ - (rr + y)*. 

See whether this gives the same result as squaring first 
and then reducing. 

13. (a + 3)2- (a -8^. 

Work this as you did Example 12. 

14. a?- 21a;-. 72. 15. a»-20a; + 96. 



REDUCTION OP FRACTIONS 

[39] Review the work on fractions with monomial 
denominators, pages 57 to 61. 

As the same principles are involved, the same rules 
must apply to fractions with binomials for denominators. 

[40] To reduce fractions to lowest terms. 

Reduce the following fractions to lowest terms : 
(Resolve each term into its factors, and cancel if possible.) 

^ a»-2a6 + 68 ^ Cg-ft)(a-5) ^ a-6 

2. ^~y 6. ^-5^ + 6 . 

a? — y*' ' a?— 3a? 

- x^+2xy + f ^ a?-3a: + 2 

x + y ax — a 



a^ + aft 3i(? + 36 

_ ax — a ^ ofi — t/* 

ay — a ZQfi-\-%xy 
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[41] To reduce fractions to entire or mixed quantities. 

Reduce the following fractions to entire or mixed 
quantities. See page 62. 

1. ^ — =sa — 6. 

a — b 

^ a»4-i^ « a« + l « 8a«-2a + 4 

2. — • 5. r— 8. ; • 

a4-6 a-hl a + 4 

^ a24.j2 a^ + Sa + T ^ Sor + Say 

3. —• 6. • 9. 2., 

a—b a + 1 x-^y 

4. T- 7. ; — • 10. -z z • 

a — 1 a + b 6a; + l 

[42] To reduce mixed quantities to fractions. 

Reduce the following mixed quantities to a fractional 
form: 

1 2a ^^ _ 2a(a + ft)-3aft _ 2a»+2aft-3a6 
a+b a+b a+b 

^ 2a^-ab 
a + b 
^ a . ^ay _ 2a? — a , ^ ^ 2a? — 1 , 

a — a — 1 4 

5. 2a?— 2 — — — • 8. — 1-2, 

2a?-2 8a?-2a 

6. a? + y-^±i^. 9. -^ + a-6. 

^ 3a?-2^ ^^ ,« ^ j; 2ab + l^ 

7. — 4-a? + l. 10. a — 6 = — . 

a?-4 flf-6 

ORIOnrAL WORK 

[43] Make up three examples under each of the above 
cases, and find the required resultt 
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OPTIONAL WORK 

Reduce the following to their lowest terms : 

1. 2. 3. 

gg-fts ix^''2a?y^ + ^ g» + 3a;-10 

3a-36* 4a:a-4ya ' 2aa;-4a 

Reduce the following to mixed quantities : 

4. 5. 6. 

3 g^ 4- 10 g^- 12 9gg>-7g-f 8 a?-Th/ + xy^-2y^ 
3g2-2 * 3g-.3 ' x-y 

Reduce the following to the fractional form : 

7. 8. 

o g — 4 a; — . ar — rcy 4- y^ — 



2a — 2x x + y 

9. 

€fl + a^x + a2^ + 2? + -^. 

a — x 



ADDITION AND SUBTRACTION OF FRACTIONS 

[44] Review L. C. M. on pages 55 to 67. 

Review Addition and Subtraction of Fractions on pages 
65 to 67. 

[45] When one of the fractions has a binomial denominator. 

Add - and 



g g — 1 

TheL. C. M. = a(a-1). 

By multiplying both terms of the first fraction by a — 1, and both 
terms of the second fraction by a, we have 
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2 (g - 1) 4a _ 2a -2-i- 4q _ 6a-2 
a (a — 1) a (a — 1) a (a — 1) a*^a 

Solve the following : 

a-3 . 4 /if; 

1. - — T + ~- 3. 



:r + 4 X a + x a 

a? + y^ x + y . x + y x — y 2 

a;-^ 2 3 3 a + 6 

[46] 

_ 1 , y ^ a— 5 a — 1 _ a?— 1 , a? — a: 

9« — -f T-*^ T. O. — — • 7. -t; T- + • 

y ar — tr «4-o d ar — 1 ar 

Reduce the fractions to their lowest terms before adding: 

8. I^ + T + T^* 10. -^r T-H-i- 

y + 3 4 2 a?-l a? 

3a? , 2a; a? 3a 

a; — 34 ar — xy9a 

ORIGnVAL WORK 

Make up one example under addition and one under 
subtraction of fractions and find the results. 

[47] Find the result of : 
1. - 



2. 



3. 



a ab 




4. 


a; -f 1 a; — 1 
a; — 1 a; + 1* 


X 1 




5. 


4 2 
6a;-3 2a:-r 


T^-f x-y 


8 4 




6. 


x-\- y X — y Sxy 


a? - 9 a: + 3' 






X — y x + y a? — y^ 


, 2 


1 




X 



x + S x+2 a? + 5x-h6' 
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L«J ®- irz — ?~ ^la 1 • 



9. 



2»-l 4a?-l 

g-Hl g — 2 
a + 8 a — 4' 



1^1 a? + 2a-a« 
10. + — ; r — -z — . 



MULTIPLICATION OP FRACTIONS 

Review Multiplication of Fractions on pages 67 and 68, 
taking the optionals. 

Rule. When one of the fractions has a binomial denomi- 
nator^ multiply the numerators together for the new numer- 
ator and the denominators together for the new denominator^ 
canceling when possible. 

An entire quantity may be treated as a fraction whose 
denominator is 1. 

Multiply |±| by ^. 

Canceling X- 5, z=*±^x^^=^ 



_ (x-»-8)(«+S) 
S 

_ ««-t-8«+15 

i • 



DIVISION OF FBACTIONS 119 

DIVISION OP FRACTIONS 

[48] Review Divisioii of Fractions on pages 69 to 71. 

Rule. When one of the fractions has a binomial denomir 
nator^ invert the divisor and proceed as in muUiplication. 

Cancel whenever possible. An entire quantity may be 
treated as a fraction with 1 for a denominator. 

Divide -r — -5 by 



€? — 7? a — a? 



^^x«^. 



a^-x^ 1 



Canceling a -X, =-1 x-^ 



a + x 



a + x 



Divide ?^bya:»-9. 



x-3 1 

X 



x-2 x«-9 

Canceling X- 8, =J^x^ 

x + 3 



Multiplying, 



(x-2)(x + 3) 



1 
x* + x-6' 
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EXAMPLES IN MULTIPLICATION AND DIVISION OF FRACTIONS 
1. — ^^— X —. 6. ^V-^ X 



a-x a Sa 2a^-2b^ 

^ 3a-3 ^ a^-4 ^ a;-6^^-16 

3» ^ X — • 8. . X - • 

a-2 3 a;-4 6 

a? a; — 4 ^ a;t/ + v® a?t/ 

a—x a^^sr y^ 



5. 


x-y 




[50] 




11. 


\-x 
e 


C2 


12. 


a + y 

i2 




ORIGINAL WORK 





13. 8a^y ^2a ^g ^ 
3a;_6 a?~4 

14. ^^^- — ^-ha? + ». 

oax 



Make up two examples under multiplication and two 
under division of fractions, one of the fractions in each 
having a binomial denominator, and find the results. 



OPTIONAL WORK 



' \ a) \h a) X \ l — xj 



3. 1- X — 
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FRACTIONAL EQUATIONS 

[51] Review Equations, pages 72 to 80. We shall now 
consider fractional equations having a fraction with a 
binomial denominator. 

Find the value of 2; in the following equation : 

S , 4a; + l 5a? + 2 

H ; = = ' 



X + 2 

It is generally better to clear of fractions with reference to the 
monomial denominators first, leaving the binomial denominator an- 
changed. You will see that this is much easier. 

Multiplying the equation by the L. C. M. of 4 and 5, or 20, we have 

^ +20x + 5 = 20x + a 



a? + 2 



We can cancel 20 z in each member. Transposing and combining, 
we have a simple form of a fractional equation. 

60 







a: + 2 


0. 


Clearing of fractions, 


60 = 


3 a: + 6. 


Transposing, 




-8ar = 


-54, 


Dividing by — 8, 




X = 


18. 






Vertfication 




3 


.72 + l_ 
2 4 


.00 + 2 




18 + 


5 






3 73 
20 4 " 


92 
5 


- 




8 . 365_ 
20 20 " 


368 
20 






368 


368 






20 


20 
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[52] Find the unknown quantity in each of the fol- 
lowing equations. Verify. 

a?-5 2a;-1 ^ 5a;— 1 7 
2 3a; + 2 10 6* 

6^jf4 3ir-2_2a?+3 



3. 



5. 



15 6a; +6 6 

3a; — 3 a; 4- 6 _ a;— 4 
9 3a;-4"" 3 

7a;4-16 a; + 8 _a? 
21 4a;- 11 3* 

7a;-29 8a; + 19 ^ 4a;4-8 
5a; -12 18 9 



OPTIONAL WORK 

Find the value of the unknown quantity in each of the 
following equations : 

^ 6a;4-13 2a;^ 3a; + 5 
15 5 5a;- 26 

2 T£^:^8^ 8a; + 12 4a;-3 
' 6a;-12 18 9 * 

3. a6 4- J = 6a; + a. 

4 ^"^ 1 1 
l + a; a 

5. ???? — ?--.^_6a: 

6. | + -l£__ll+^ 8 
8 4a;+8 g 4 
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PROPORTION 

[53] The use of algebra in solving examples by propor- 
tion is most valuable. 

Ratio is the relation with respect to magnitude which 
one quantity bears to another, and is found by dividing the 
first by the second. Thus the ratio of 8 to 4 is f, of a to 

b is -, etc. 



The quantities that are to be compared must be of the 
same kind of units. Thus, there can be no ratio between 

7 lb. and 14 yd., $6 and 12 bu., 2 ft. and 6 yd., $3 
and 9 dimes. 

The first term of a ratio is called the antecedent; the 
second, the consequent. 

The sign of ratio is the colon (:). This is the division 
sign (^) with the horizontal line omitted. 

Proportion is the equality of ratios. It is, therefore, an 
equation. 

The sign of proportion is the sign of equality (=), or 
the double colon (::). 

Can we make a proportion or an equation of 6 : 3 and 
8:2? of 5 : 2 and 10 : 4 ? Explain. 

5 : 10 = 6 : 12 is a true proportion. Why ? 

In a proportion the first and last terms are called the 
extremes; the second and third terms, the means. The 
first and third terms are called the antecedents ; and the 
second and fourth terms, the consequents. 

Ratio is generally expressed in the form of a fraction. 
Hence a proportion is a fractional equation. Thus, 

8 12 . .. 

- = — IS a proportion. 
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In the proportion a:b=sc:dy or, as it is frequently 



written, ^ = 




c 


\ is the first ratio. 



^ is the second ratio. 
a 

a and d are the extremes. 

h and c are the means. 

a and c are the antecedents. 

h and d are the consequents. 


Take the 


proportion a\h^c\d. 






a c 
h'd 


Clearing of fractions, ad = be. 






"=^ 






• ad 
= — • 



Principles. In every proportion the prodtict of the ex- 
tremes equals the prodtict of the means. 

Hence^ either extreme equals the product of the means 
divided by the other extreme^ and 

Either mean equals the product of the extremes divided by 
the other mean. 

To convert a proportion into an equation^ place the product 
of the extremes equal to the product of the means. 

[64] Convert the following proportions into equations 
and find the value of the unkhown quantity. Then re- 
write the proportion, using the value of the unknown 
quantity. 
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1. 3:6 = a;:400. 6. a? + 8:a; + 8 = 10: 12. 

2. a?: 9= 7: 21. 7. a:- 6: a? + 4 = 40: 60. 

3. 7:a:=9:81. 8. ^:8=12:16. 

4 

4. 36:54 = 30:a?. ^^ 8: 20 = a?- 3:a; + 6. 

5. xih=^e:d. 10. a?- 1:60 = 10: 100. 



OPTIOHAL WORK 



1. If the antecedent is 8 a^(^, and the ratio is 4 a^ what 
is the consequent ? 

2. If a — a; : a + a; = 6 : 9, what is the ratio of a; to a ? 

That is, find the value of the fraction -• 

a 

3. If a : i = {T : (2, prove that aic^hid. 

4. If f = ^, prove that ^ = ^. 

a a e 

5. If a:i = (?:rf, i8 6:a=i:(?? (Why?) 



PROBLEMS 



1. If the interest on $140 for 1 year 6 months, at 
4^, is $8.40, what is the interest of $249 for the same 
time and rate ? 

Let X = required interest. 
Then 140 : 249 = 8.40 : x, 
140 x = 2091.60. 
X = 14.94. 
Interest = 914.94. 
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2. If the interest of f 100 for 2 years at 6^ is $12, 
what is the interest of #145 for the same time at lOjb ? 

(Examine carefully the conditions so that in forming your propor- 
tion the ratios may be equal. If the first term is larger than the 
second, the third must be larger than the fourth, and vice versa. 

3. What is that number to which if 4 is added and 
from which if 4 is subtracted, the results will have a ratio 
of 12 to 9 ? 

[55] 4. What number is that which if it is doubled 
and if 30 is added to the number, the two results wiH be 
in the proportion of 10 to 16 ? 

5. If 40 bushels of wheat cost as much as 60 bushels 
of rye, how many bushels of rye will cost as much as 100 
bushels of wheat ? 

6. If 4 men can do as much work a week as 9 boys, 
how many men will it take to do as much work as 63 boys ? 

7. If an agent received $240 by selling a farm for 
$4000, how much would he have received at the same 
rate if he had sold it for $5000? 

8. If 45 men consume a quantity of provisions in 32 
days, how long would it last 80 men ? 

9. If a man saves $5200 in 8 years, how long will it 
take him to save $8450 ? 

10. If 12 horses eat $80 worth of oats in five days, how 
much will it cost to feed 150 horses the same time ? 

11. If 12 men can do a piece of work in 38 days, how 
long will it take 18 men? 
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EQUATIONS WITH TWO UNKNOWN 

QUANTITIES 

[56] If the sum of two numbers is 20, what are the 
numbers ? How many unknown quantities are involved 
in this problem ? If we call x and t/ the unknown quanti- 
ties, we have an equation oi x + i/ = 20. 

Can we tell from this equation what the^ numbers are ? 

It x = 4, what is the value of y ? Give other values to 
X and find y. How many positive integral numbers fulfill 
these conditions ? 

If we impose another condition and say, " What two 
numbers have 20 for their sum and 4 for their difference," 
do you think as many numbers fulfill the two conditions 
as fulfilled the one condition ? 

If X and y represent the numbers, since their sum is 20, 
and their difference is 4, we have 



(1) 


x+if = 20 


(2) 


a;-y = 4 


(3) 


2a; = 24 


(4) 


a: = 12. 


(5) 


12 - y = 4. 


(6) 


y = 8. 



Adding eqaals to equals, we have 
Substituting value of a; in (2), 



We see that 12 and 8 fiU the conditions imposed, and that no other 
numbers will. 

In the equations x + t/ = 10 and a: + y = 12, can x and t/ 
have the same values in each ? 

But if a; + y = 10, 

and 2 a: + y = 16, 

we can substitute 6 for x and 4 for y in each equation, and 
the equation will be satisfied; that is, the same unknown 
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quantities have the same value in each equation. They 
are called simultaneous equations. 

The process of deducing a single equation containing 
one unknown quantity from two equations containing two 
unknown quantities is called eliminatioii. 



ELIMINATION BY ADDITION OR SUBTRACTION 

Find the value of x and y in the following simultaneous 
equations : 

(1) 2a; + y = 18, 

(2) a?-2y = 4. 

It is evident that to add or subtract the equations as they stand 
will not eliminate either unknown quantity. If we multiply the first 
equation by 2, we shall have 

(3) 4ar + 2y = 36. 

The coefficients of y are now alike. 

If we add equation (3) to equation (2), the 2 y in one will cancel 
the 2 ^ in the other. 

(3) 4a? + 2y = 36 
(2) g-2y= 4 

(4) 6a: = 40 

(5) ar = 8. 

If we now substitute the value of x in either equation, we shall be 
able to find the value of y. Substituting in the second equation, we 
have 

Verification 

In (1) 2 X 8 + 2 = 18. 

16 + 2 = 18. 
In (2) 8-2x2 = 4. 

8-4 = 4. 



(6) 


8-2y = 4. 


(7) 


-2y=-4. 


(8) 


y = 2. 


(5) 


« = 8. 
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We could have eliminated the x first; as, 

(1) 2x + i/ = lS, 

(2) a!-2y = 4. 

(3) 2 a; — 4 y = 8, multiplying second equation by 2. 
(1) 2x+ y = 18, bringing down (1). 

(4) 5 y = 10, subtracting (3) from (1). 

(5) y = 2. 

(6) 2 a; + 2 = 18, substituting value of y in (1). 

(7) 2 x = 16, transposing and combining. 

(8) x = S. 
(5) y = 2. 

Rule. To eliminate hy addition or subtraction^ multi- 
ply either eqvuition^ if necessary, by su^h a quantity as will 
make the coefficients of the same unknown quantity in the 
equations equal. 

If the signs of the equal coefficients are alike^ subtract the 
equations; if unlike^ add them. 

From the resulting equation find the value of the unknown 
quantity. Substitute this value in one of the original equa- 
tions for the other unknown quantity. 

[57] Find the value of the unknown quantities. Verify : 

^' l4a; + 4y = 28. 122; + 4y = 44. 

r2a:+ y=12, r3a; + 3y=36, 

I3ir + 5y = 39. 14a;- y = 13. 

r x+ y = 5, r4:r + 2y = 36, 

• l3a; + 2y = ll. l52: + 4y = 57. 

r4a;+3y = 43, f 8rc-|-5y = 82, 

ISa;- y = 23. l4a;-2y = 14. 

(In Ex. 8, if the first equation is multiplied by 4 and the second by 
3, 12 will be the coefficient for x in each.) 

rOTTEB^B ALO. — 9 
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[58] 

f6a;-5y = ll, r5a; + 2y=-2, 

l5a;-4y = 10. ' l2a!-5y=-24. 

f6y-2a; = 42, f8z + 2y = 30, 

l3y + 2a; = 64. I6a-2y=6. 



f 7a; + 9y = 51, f3a;-22 = 

"• llly-2a;=-l. "' \9x + 2z = 

f3a; + 2y = 24, f4a: + 3y = 

"• l2y-4a; = 10. "' l3a;-2y = 



[59] In fractional equations, we may clear of fractions 
before eliminating, or we may eliminate the fraction. The 
latter method is frequently more simple. Proceed as 
foUows: ^^^ ^^^^^^ 

(2) ^-| = 1. 

Dividing (2) by 2 by multiplying the denominators of the fractions, 
that is, multiplying the equation by \y we have 

^ ^ 8 4 2 

Adding (1) and (3), (4) | + ^ = |- 

Clearing of fractions, (5) 4 a; + 5 x = 36. 

(6) 9 a: = 36. 

(7) a: = 4. Vebipication 

Substituting in (1), (8) | + 4 = *- (1) - + - = 4. 



2 + 2 = 4. 



Transposing and combining, 

(9) 2? = 2. 

4 .g. 5x4 8^^^ 

Clearing of fraction, (10) y = 8. ^ "^ 4 2 

(7) ar = 4. 6-4 = 1. 
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We could have eliminated the x by multiplying the first 
equation by f , since that would change the coefficient of x 
to f . Try it. 

Find the values of x and y in the following equations 
in two ways ; first by clearing of fractions ; second by 
eliminating the fraction : 



17. 



18. 



^ + 2^ = 4, 
3 4 ' 

1-1-*- 



19. 



20. 



^4-^-19 

9"^3-^^' 
6 2 

6 12 

1 + 1=25. 

2 3 



ORICnr AL WORK 

[60] Make up five sets of equations containing two un- 
known quantities and integral terms. Present them for 
class solutions. Prove them correct by verification. 

TWO OTHER METHODS OF ELIMINATION 

[61] There are two other methods of eliminating the 
unknown quantity, which, in special cases, it may be expe- 
dient to use. These methods are called " Elimination by 
Comparison," and " Elimination by Substitution." In the 
first we " compare," or place equal, the same values of the 
unknown quantities; in the second we find the value of 
the unknown quantity in one equation and " substitute " 
it in the other. Elimination by Addition and Subtraction 
is, however, the method generally used. 
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ELIMINATION BY COMPARISON 

Given (1) 2 a; + y = 16, 

(2) 4a; + y=28. 

From(l), (3) y=16-2x. 

From (2), (4) y = 28-4ar. 

Placing the values of y equal to each other, 

(5) 16-2a: = 28-4ar. 

Transposing and combining, 

(6) 4a:-2a: = 28-16. 

(7) 2x = 12. 

(8) a: = 6. 
Substituting in (3) , (9) y = 16 - 12. 

(10) y = 4. 

Rule. Find the value of the same unhnovm quantity in 
each equation. Place these values equal to each other, and 
solve the resulting equation. Substitute this value in one of 
the given equations to find the value of the other unknoum 
quantity. 

Solve the following equations by comparison and verify : 
x + }/ = 15, f4a;-2y = 32, 



1. 



[2x-hy = 20. 



4a;+2y = 40, ^ 

^' 3a; + y = 26. 



3a;-y = 28. 

3a;-f-2y=70, 
2a;4-3y=75. 



3. 



a;4-2y = 18, f 10a;-+- 12y = 22, 

^* 5a;~2y = 3. 



3a;-f-5y = 47. 

ORIGHrAL WORK 

Make up two sets of simultaneous equations containing 
two unknown quantities, and propose them for class solution. 
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OPTIOITAL WORK 



1. 



2. < 



'6a; + 3y = 18, 

8a; + 6y = 28, 
4a; + 5y = 22. 



3. 



3a: 

t5(a:-4) 

i^r + Jy 
2x + Sj/. 



5y» 

6(y + 6> 

43. 



ELIMINATION BY SUBSTITUTION 



[62] Given as before in Comparison, 

(1) 2a: + y = 16, 







(2) 


4a: + y = 


28. 


Finding value of y in 


(1), 


(3) 




y = 16 


Substituting in (2), 




(4) 


4x + (16- 


-2x) = 28, 






(5) 


4a: + 16 


-2x = 28. 






(6) 




2a; =12 






(7) 




z = 6. 


Substituting in (3), 




(8) 
(9) 




y = 16 
y = 4. 



= 16 -2a:. 



= 16 - 12. 
= 4. 

Rule. Find the valite of one of the unknown quantities 
in either equation. Substitute this value in the other equa- 
tion^ and solve. 

Solve the following equations by substitution and 
verify : 



1. 



2x+ y = 14, 
a; + 2y = 16. 

f3a; + 2y = 36, 



3. 



4. 



2x+ y = 23, 
[7a; + 2y = 67. 

3x+ 2y = 22. 
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5. 



7ir- y = ll, 
[9aj-2y = 7. 



6. 



2y-7a;=10, 
12a;- y = 12. 



ORIGINAL WORK 



Make up two sets of simultaneous equations containing 
two unknown quantities, and present to class for solution. 



OPTIONAL WORK 

9ir-2y = -l, 
4x + 2t/ = ^0. 



1. 



2. 



2a; + 2y = 74, 
3y-3a: = 33. 



[63] Solve Examples 3, 5, and 6, under each of the two 
cases just given, by addition and subtraction. 

Which of the three methods of elimination do you 
think the best? Why? 



[64] Solve the following by any method you prefer : 

6a;-2y = -8, 

16a;=2y + 10. 



1. 



6. 



2. 



3. 



4. 



5. 



3ir-y = 0, 
U2a: + 2y = 126. 

2a:-5y=15, 
[7a; + 2y = 150. 



^ + ^ = 10, 



2a;-y=36. 



7. 



8. 



5 + X=8 
8 12 3 

x + y 2 

^^ + 1 = 1 
y-x 2 



TWO UNKNOWN QUANTITIES 185 



TWO UNKNOWN QUANTITIES 

[65] In solving simultaneous equations it is always 
necessary to have as many equations as there are un- 
known quantities. So in each of these problems you 
must always be able to state two equations involving dif- 
ferent conditions. Many problems that can be solved by 
one unknown quantity can be, perhaps, more readily solved 
by two unknown quantities. 

Thus, in Example 1, on page 81 : 

PROBLEMS 

A farmer bought 4 lambs and 7 sheep for $54. If a 
sheep cost twice as much as a lamb, how much did each 
cost? 



Let 




X = price of each lamb. 
y — price of each sheep. 


From first addition, 


(1) 


4a: + 7y = 64 


From second addition, 


(2) 
(1) 


y = 2a: 


Bringing (1) down. 


4x + 7y = 54 


Transposing (2), 


(8) 


-2a: + y = 0. 


Multiplying (8) by 2, 


(4)- 


-4a: + 2y = 0. 


Adding (4) and (1), 


(6) 


9jf = 54. 



(6) y = 6, price of each sheep. 

Substituting y in (2), (7) 6 = 2 x. 

x = 3, price of each lamb. 

Solve Problems 4, 5, 6, 13, 19, 32, and 33, on pages 81 to 
84, by using two unknown quantities. 
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SOME OTHER PROBLEMS 

[66] 1. A man bought at one time 4 sheep and 6 pigs 
for $76. At another time he bought 8 sheep and 9 pigs 
at the same price, paying for them $ 93. What was the 
price of each ? 

2. Find two numbers such that if 2 is added to the first 
and 4 is subtracted from the second, the sum of the results 
will be 20, and if the first is doubled and the second 
multiplied by 4, their sum will be 64. 

3. A boy has 80 ^ in his two pockets. If 5 ^ is taken 
from the first pocket and put with the second, he will have 
an equal amount in each. How much money has he in 
each? 

4. The sum of Mr. Jones's age and his wife's age is 84 
years, and one half his age equals one half his wife's age 
plus 2 years. How old is each? 

5. The daily wages of 6 men and 4 boys were $16, and 
the wages of 10 men and 9 boys at the same rate were $29. 
Find the daily wages of each. 

[67] 6. A man owns two horses one of which cost 
$100 more than the other. If $64 is added to twice the 
cost of the better horse, it will equal 3 times the cost of 
the other. Find the cost of each horse. 

7. The sum of the ages of a father and son is 120 
years. If their ages are in the proportion of 3 to 2, what 
are their ages ? 

8. One number is to another as 4 to 5. If 15 is added 
to the smaller and 15 subtracted from the larger, they will 
be equal. What are the numbers ? 
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9. If 1 is added to the numerator of a certain fraction, 
the value will be | ; if 2 is added to the denominator, the 
value will be J. What is the fraction ? 

(Let -= the fraction.) 

y 

10. If the numerator of a fraction is doubled, its value 
will be |. If 4 is added to the denominator, its value 
will be f. What is the fraction? 

11. If 2 is added to the numerator of a fraction and 1 
is added to the denominator, its value will be |^; if 3 is 
subtracted from the numerator and 9 is subtracted from 
the denominator, its value will be 1. Find the fraction. 

[68] 12. A's money is to B's as 3 is to 4. If A should 
spend $10, he would then have J as much as B. How 
much has each ? 

13. A son is \ as old as his father, but 20 years hence 
he will be ^ as old. How old is each ? 

14. A man paid f as much for a carriage as for a horse, 
and J the price of the horse plus ^ the price of the car- 
riage equals $ 175. Find the price of each. 

15. Two men form a partnership. A puts in | as much 
as B. B puts in $5000 more than ^ as much as A puts in. 
How much does each put in ? 

16. If to ^ the sum of a man's age and his wife's age 12 
is added, the sum will be 22 ; and if to J the difference 13 
is added, the result will be 15. What are their ages? 

17. What two numbers are there to J of whose sum 
if 5 is added the result will be the larger, and if 12 is 
added to the difference the sum will be 2 more than 3 
times the smaller ? 
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[69] 18. A man divided one dollar among four children. 
To the first he gave 10 ^ more than to the second, and to 
the third 10 ^ more than he gave the fourth. If he gave 
the first twice as much as he gave the third, how much 
did he give to each ? 

19. A, B, C, and D invested $ 6000 in speculation. A 
furnished twice as much as B; and C, twice as much as D. 
If B furnished |400 more than D, how much did each 
contribute ? 

20. I have two purses containing $190. If J of the sum 
in the larger purse is added to ^ the sum in the other, the 
amount will be $80 more than the sum in the smaller 
purse. How much have I in each purse ? 

21. Find two numbers which are to each other as 3 to 
2 ; and if 40 is added to each, their sums will be to each 
other as 7 to 6. 

22. Divide 90 into two parts such that 4 times the 
larger shall exceed 3 times the less by 220. 

23. The area of a rectangle equals the length multiplied 
by the width. If thejength of a rectangle is increased 1 
inch, the area will be increased 8 square inches. If the 
width is increased 2 inches, the area will be increased 18 
square inches. Find the dimensions of the rectangle. 

(Let X = length and y = width ; then xy = area.) 

24. I have a rectangular garden. If the length is 
increased by 9 feet and the width diminished by 1 foot, 
the area will be increased by 149 square feet. If the 
length is diminished by 1 foot and the width increased by 
9 feet, the area will be increased by 249 square feet. Find 
the dimensions of the rectangle. 
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PBBOBNTAQE AND INTEREST 

PROBLEMS 

[70] 1. A wholesale merchant sold a lot of sugar at a 
gain of $50. If he had sold it so as to gain 10^ more, he 
would have gained $300. Find the cost of the sugar and 
his gain per cent. 

Suggestion. Let a? = cost of sugar; Y^ = the first rate, and 
^r^ = second rate. The equations will each contain xy. Elimi- 
nate xy from the equations and find the value of x. 

2. A man sold a farm at a gain of a certain per cent and 
thereby cleared $1000. If he had sold it for $6250, he 
would have gained 5^6 more. What was the cost of the 
farm and what per cent did he gain ? 

3. If a certain principal in a certain time will amount to 
$480 at 5% and to $448 at 3^, what are the principal 
and the time ? 

Suggestion. Let x = principal, and y = time in years. 
The equations will be 

^+ar = 480. ^ + x = 448. 

100 100 

4. The amount of a certain principal for a certain time 
at lO^fc is $3700, and at 4^ is $2680. Find the principal 
and time. 

5. A sum of money placed at interest at a certain rate 
for 6 years will amount to $ 2080 and for 12 years, at the 
same rate, to $2560. Find the principal and the rate. 

6. The amount of a certain principal at a certain rate 
for 4 years is $2560, and for 10 years is $3400. What are 
the principal and the rate ? 
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QUADRATICS 

[71] We have been considering equations in which the 
unknown quantities were of the first degree; that is, 
simple equations. If the unknown quantity in the equation 
is of the second power or degree, the equation is called an 
equation of the second degree or a quadratic equation. 

Thus a:^ = 49 and a? + 2 a; = 15 are quadratic equations, 
as each contains the second power of the unknown quantity, 
a:^ = 49 is called a pure quadratic because it contains ordy 
the second power of the unknown quantity, a:^ 4- 2 a: = 15 
is called an affected quadratic because it contains both the 
second power and the first power of the unknown quantity. 

Every pure quadratic equation can be reduced to the 
form of aa? = 6 in which a is any coefficient of o?^ and h the 
sum of the known quantities. 

Solve: (1) 3a:2_i6 = 32. 

Transposing and combining, (2) 3 x ^ = 48. 

Dividing by 3, (3) a^» = 16. 

Extracting the square root of each member, (4) a; = ± 4. 

If two quantities are equal, their square roots are equal. 
For each member being divided by itself, we have equals 
divided by equals; hence the results are equal. 

The values of x are called roots. They are either + or 
—, since the square of either a positive or a negative quan- 
tity is positive; as, (4-4)2 = (— 4)2= 16. If the square 
root is either + or — , the question will arise : why do we 
not write the ± before the x as well as before the 4, as, 

« ±a;=±4? 
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If we do this, we shall have : 

(1) +a;= + 4. (3) +ir=-4. 

(2) -ir = -4. (4) -ir=+4. 

The first two reduce to a; = 4. The last two reduce 
to a; = — 4. Hence x has two values, + 4 and — 4, or ± 4 ; 
and it is unnecessary to write the ± signs on each side of 
the equation. 

The square root of a quantity is indicated by the radical 
(root) sign V 5 ^^^^ "^^^ = ± 4 , V^ =^ ± a. 

A fractional exponent is also used to indicate the root 
of a quantity ; thus a*= Va. 

There is no square root of a negative quantity, since the 
square of any quantity, positive or negative, is necessarily 
positive. 

Find the values of the unknown quantity in each of the 
following equations. Verify : 



[72] 




1. !F«-7 = 42. 


4. 3a!a-16 = 59. 


2, a? + 24 = 105. 


5. 5a?-17 = 28. 


3. a?- 12 = 24. 


6. ^^ + 8-2^ + 2. 



8 
7. 6a!2-8-a?=16 + 3a? + 48. 

a;(8 + 2a;) ^ 4a;+25 i^zz±=S2 

10 5 * ' 10 

3a? 6a^ 8 
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[73] 

„ a?-4 a^-16 



8 5 

12. 5(a; + 3)(a;-3)=(2a! + 4)(2a:-4) + 71. 

13. = 8 a. 

a 

14. 10 (x + 4)(a: - 4) + 110 = (3 a; + 1)(3 a; - 1). 

15. ^-8+^ = 1-0? + ^. 
2 12 24 24 

16. 12 -a?: ^ = 100: 25. 

PROBLEMS 

[74] 1. If 27 is added to the square of a number, the 
sum will be 171. What is the number ? 

Solution 

Let X = the number. 

x^ = the square of the number* 

Then, x« + 27 = 171. 

3;2=144. 
a: = ±12. 

2. When the square of a number is subtracted from 100, 
the result is 64. What is the number ? 

3. Find two numbers, such that one is 3 times as 
great as the other, and the difference of their squares 
is 72. 
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4. Find two numbers, one of which is twice the other, 
and the sum of whose squares is 80. 

5. The length of a lot is to its width as 9 to 5, and the 
area is 4500 square feet. Find the dimensions. 

6. The width of a lot is to its length as 2 to 6, and the 
area is 2700 square feet. Find the dimensions. 

[75] 7. What number is that whose third part squared 
and added to 19 will give 100 for the sum ? 

8. Find two numbers such that their product is 64 and 
the quotient of the greater by the less is 4. 

9. The difference of two numbers is 2, and the sum of 
their squares is 34. What are the numbers ? 

(It will be best not to let x = one of the numbers, but a number 
halfway between the two. Then x — 1 and x + 1 will represent the 
numbers. Why? Try it letting x = the number.) 

10. The difference of two numbers is 4, and the sum of 
their squares is 170. What are the numbers ? 

(Let X — 2 and ar -f 2 represent the numbers.) 

11. The difference of two numbers is 6, and the sum of 
their squares is 68. What are the numbers ? 

(Represent the numbers as you did in Problems 9 and 10.) 

12. A man has two sons, Frank and Edward. Frank is 
9 years old. If the sum of Frank's age and Edward's age 
is multiplied by their difference, the product will be 65. 
How old is the younger ? 

13. Find two numbers, one of which is 4 times the 
other, and the sum of whose squares is 68. 
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OPTIOITAL WORK 

1. Two numbers are to each other as 3 to 5, and the 
sum of their squares is 136. What are the numbers ? 

Suggestion. Let 3 a; = one number and 5 x the other. 

2. The square of a certain number is equal to the differ- 
ence of the squares of 25 and 16. What is the number ? 

3. If to 3 times the square of a certain number 8 is 
added, the sum will be 66. What is the number ? 

4. The sum of the ages of two boys multiplied by their 
difference equals 16. If the younger boy is 7 years old, 
what is the age of the elder ? 

5. The square of a certain number minus 9 is equal to 
one third its square plus 46. What is the number ? 



ANSWEKS 

FIRST HALF YEAR 

Page 14. — 1. 12. 2. 12, 48. 8. 25, 15. 4. 20, 10. 

Page 15.— 6. 40. 6.11. 7. 400meD,200womeu. 8. Vest, $7; coat, $13. 

1. Vest, $3; trousers, $6; coat, $12. 2. 100,300. 8. Horse, $160; 
harness, $40. 4. 90, 45, 15. 

Page22. — 1. 16. 2.24. 8.0. 4.70. 6.150. 6.64. 7.6. 8.3. 
9. 140. 10. 200. 11. 32. 12. 7. 18. 128. 14. 216. 15. 27. 16. 24. 

17. 200. 18. 28. 19. 81. 20. 4. 21. 1250. 22. 7000. 28. \. 24. 1. 
25. 9. 26. 10. 27. 28. 28. 18. 29. 1. 80. 10. 81. 38. 82. 1. 
88. 35. 84. 49. 86. 50. 86. 25. 87. 1. 88. 16. 89. 80. 40. 5. 
41. 2. 42. 0. 48. 4. 44. 2. 45. 10. 46. 40. 47.600. 

Page 23.-48. 6. 49. 4. 60. 9. 51. 1. 52. 4. 58. 3. 54. 2. 
66. 3. 56. 2. 57. 8. 58. 4. 59. 2. 

1. 351. 2. 55. 8. 1. 4. 1. 5. 5. 6. 15. 7. 3. 8. 1. 9. |. 10. 5f 

Page 25. — 1. 14 a. 2. 15 y. 8. ISxy, 4. 16 ax. 6. 20 y\ 6. 21 a^. 
7. 20 yV. 8. 25 a6c. 9. -18 a. 10. 14 (a + 6). 11. -26xy, 
12. -19(«-y). 

Page26. — 1. 10. 2.-5. 8. 14 dollars. 4.-2^. 5.3 c. 6. 4a&. 

7. -2xy. 8. 2a%^. 9. -6xy^. 10. 3(a + 6). 11. a. 12. 7 c. 

18. 2xy, 14. 13 aV. 15. 17 ab^ 

Page 27. — 1. 9a + 6 + c. 2. 186 - 12 c - Od. Z.a + b. 4. a + 6 
+ c. 6. a — b—c — d. 6. 2aa! — a^r. 7. — 2a — 4(6 + c). 8. 7a + 
36 + c. 9. 7aaJ-26y-d 10. 3a2-6c2. 11. 4«8-32r». 12. 6a6- 
6 aft^ + 5 a^b. 

Page 28. — 1. (a + 6) c. 2. (a + 6 + c)x. 8. (a — 6 + c)y\ 

4. (a + 1) X. 6. (a + 6)(a5+ y). 6. (m - 4)(a + 6). 7. (4 + a +6) 
(x-y). 8. (a2 + 62 + c2)TO. 

1. a + & + c + d. 2. a + 26 + c. 

Page 29. — 8. 2a + 6. 4. 6d. 5. Suit, 2c + &; for all, 4 c + 2 5. 
6. 4J a. 7. a + d + 16. 8. a + 6. 9. a + 6 + c. 10. m + n + p + r. 
11. 2 wi + 2 n + ». 

Page30. — 1. 3aa;-ay + 7a2r. 2. 10a + 76 + 9c. 8.3a;. 4. lOa^x 
-2 6y2_6a;2y2^2a;y. 6. 5c8 + 13c2 - 5c + 8. 6. (a + b)x + (^d+ c)y 
+ 4icy. 7. 8 (a + 6) - (6 + c). 8. 4 (x - y) + 3 (a + y) + 3 b. 9. J ax 
+ ii«. 10. i|a2 + f62_^c2 + 3>5(l. 

Page 35.-1. 8ax. 2. 3ay-86. 8. 6a-116 + 2c. 

Page 36.-4. 3x-22. 6. 4(x + y). 6. -8a6-262. 7. iab. 

8. -2a2 + 2ax+5a«x«. 9. -6a62-2a8. 10. 7. 11. 2x8 + 4x2- 

rOTTB&^S ALO. — 10 145 
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10y«-10. 12. 12aj-3y-3. IS. -3a«6-3a6*. 14. 160a-200a« 
-2o«-180i» + 9n. 16. m«-n». iaa«+6«. 17. a«+8a6 -9«»+22. 

18. 6 + 3a + 176+10d-2c 19. 3 a» + 9 ae»* - 3 a«6 + 4 &». 80. 5to«. 
81. 2 o - 6 6 - 2 c. 

Page37.— 1. 4a-6-c-3d. 8. a + 6 + <l-c-«-70. S. 10-a. 
4. X, and 6 — x. 5. x, and x + a. 6. 6 a — 6 6. 7. 12 c — 12 d. 

8. 12m + 12n-12a-12d; 48m + 48ii-48a-48d. 

1. (6-a)x. 8. (d-c)y. S. (a-d)y. 4. (a + 6-c)y. 5. 6x-ay. 

Page38.— 1. 16a«. 8. 4a6-46«. S. 7 -3a«-2a5 - 6^, 4. 4^1. 
6. 106-a. 6. 106-a. 7. 26-7a. 8. 7a-26. 9. m + 8n-6m«. 
10. 13 ac -3 M + 4a2. 

Page 42.— 14. 21 a^ 18. -18 6«. 16. 6aJ». 17. -12 y«. 18. -12y2. 

19. -28 X*. 90. 21a2xy. 81. 6m^\ 88. -64axy6. 88. -36 a«6»cd*. 
84. 16 a^ftcxy. 85. - 160 a«c*<|8. 88. - 14 a^ft'^. 87.-4 a5xy. 
88. a»6*c6de. 89. - a^ya*. 

Page 43. — 80. 28aV0xVi. 81. 3xV. 82. 16 a6«c2x»y»««. 

88. -16 e'er. 84. 25xMya2j. 88. - 12 a»xy"«. 86. 6 (a +6)*. 

87. -24 (a- c)*. 88. -26(x + y)«. 89. 12(x-y)«. 40. -28(a-6)«. 
41. 20(x + y)». 

Page 44. — 1. 12a2+18ac. 8. -21c«+6c«x«. 8. -Oac^cP-Safrc^cP 
-18a(Pc2x. 4. -2x»y + 4xV-2xy». 6. - 3 a»ft« + 9 a^fr* - 3 a6*. 
6. — a^x^ya? + a^xy^jg; + a^yz^. 7. aftm — cd»» + «/m. 8. — xy + y^ + y«. 

9. -3a26a-12a&» + 36*. 10. ax-6x + cx. 11. 12 a» + 8 a^ft - 4 a'c*. 
18. - 9 ahtAfiyz - 6 ahn^^z + 18 ahrAcyz^. 18. 9 a«x - 12 a^ + 6 o^^. 
14. 8a25c~6ac«+8acd». 1ft. - 18 a*6«d»- 9 (i*6W- 3 a»6«d». 16. 24 a^x^y* 
+ 12 62a;«y8 + 8 x8y». 17. - 9 am»« + 6 amn* + 12 am«n. 18. 28 aftx^y 
- 14 abmxy - 21 a'^bx - 28 a^fe^a;. 

Page45.— 19. - 10 a«c* + 6 a*c« - 12 a*c*. 80. 9x*-9xB-9x«-9xT. 
81. 10 a8x« + 6 a*y2 + 8 a««« - 6 a«2f. 88. 8 o«6x« + 16 a«6x«y + 32 a'ft^x. 

88. - a«62c2 - a^c^^ - a^cPe^ + oSg*. 

1. 6a8x+8a«y-4a»«. 8. 15 oV^^- 6 o+y^a". 8. 9a(a+6)+6o(x+y). 
4. 8a + 4a2_2a«. 6. ic^-^ca-Jo. 6. a»* +a8»+a*+«. 7. «-•+«- a*. 
8. y2n-i_y2n. 9. 4 a"»+2 + 6 0-+1 - 10 a«. 10. 6(x + y)*-4(x + y)«. 

1. 40 a. 8. ac. 

Page 46. — 8. 6 6. 4. a + a6. ft. ah + ih. 

Page 49. — 1. 4o. 2. 6ay. 8. -Za^^ 4. -4a. 6. -6ay. 
6. -8a2xy. 7. 20aV. 8. 8am*«*. 9. -12m«. 10.-8. 11, -4ni»n2. 
12. -13d2e2. 18. 13 a2y. 14. 10 6c. 1ft. 4a868c«. 

PageSO.— 1. 2- ay + 3 y2. 2. 2y-3«-y««». 8. 9 c* - 6 - 2 a6aJ?. 
4. 2a86-a68-2. 8.36-268-1. 6. -4ax-3-7ay. 7. a«-2ax 
+ 8xy-x2. 8. 2 ay + 4 a^- 3x8 + 4m + 2. 9. 3 6 + 4ac- 2a«cx + 8. 

10. 2mn-l + 6w2«y-4w. 11. 1 -6 a8»y-c-7 a»n. 12. 2 — 3xy« 
+ 8axy. 
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Page 51.— 18. 9a«a^-6x + 8a. 14. - 3a - Ta^x - 3axV+ 2y. 
15. 2 + 3(a-y) + 6(a-y)a. 
1. -a»--2a«. 8. x^ -\- x^z^ -\- xyafi - yz. 8. 1 -2(x + y) + 3(a; + y)2. 

4. l + 4a + 6aa. 5. a. 6. a - 6. 7. 6 a6 - 3 6-»a; - 1. 

Page 52. — 1. a — 6. 2. a — 4 6. 8. — a. 4. 13 y — 12. 

6. 5 a + a; + 6. 6. 4 d. 7. — 2 a. 8. ~ 4 y. 

Page 54. — 1. 4(a-6). S. a(a-6). 8. a8(6+4c). 4. 7a(a+2 6). 

5. 16ary(2-3x + y«). 6. 18a;y(4ary - 3). 7. Qa^b^O -2 a). 
8. 8 x(a^ - 8 a;«). 9. 14a(2 6c -3y^). 10. a%(Jb + Sx). 
11. 3aa;(a2y + 3). 12. 2 6y8(2 6x + 9 a). 18. Sxy\l -\-9y -y^). 
14. 2xV(l-2«-4a). 16. 7 0^6(2 a - a6x - 3 a^ft*). 16. 8a(4xy 
- 2 afta + 3 a^ftx). 17. 20 x2y(2 - 3 xy^ _ 4 xV). 1«- 9mn(mn-3x). 
19. 13atn(l-3»»). 20. 6a2x2(4a + 7xy). 21. 3(ay-2ay2 + 4). 
22. 4a(6-2an2+2nx). 28. 6ab(c-2ab'-Sa^c), 24. 7 xy(xy-xz^-z). 
26. 6 aftw(2 6 - a 4- 3 6m). 26. 4a2x2y(4a - 6y). 27. 5 m^xy" (6 xV 
-12w). 28. 7o2xV(7x*+9y). 

1. 9f»n(i»»-3y + 9m«»2). 2. a^bhi^(l -Sabx-Qa^b^x^). 

8. 2 a«(6 + 2 a«c - 4 a"Vi). 4. 4xV(« - 4xy2- 7y). 

6. 16 a"6"»(2 c2 - 4 a"c« - 1). 

Page 56. — 1. 24a«62x2. 2. 36a868c8. 8. 12 a^b^x^^ 4. Sex^ySa*. 
6. 20 a2c2x8. 6. 28a268c2a;2. 

* 

Page 57. — 1. 40 m^n% 2. 60 x*y*;?*. 8. 36 a^b^^cP. 4. 32 a'td^xV- 
6. 36a86c*d. 6. 144 0*;?^^. 7. 90a*6»c«. 8. 192 6VxV^. 9. 90x*y6. 
10. 84a«62c2x«. 

Page 60.-1. -«-. 2. -«2^. 8. -1^. 4. -^ili-. 6. i«^. 

2x 9 6x 3a6y 3ac2d bbd 

6. -^. 7. -2-. 8. -^. 9. -%-• 10. ?^. 11. 2^. 
6xy2; 3a5c bax^ oot^z ay VJab 

13. Ji?^. 

17a*ni 

• 2x-8q ^j 3q-36 00^^ ^ ^a«-26 
1. • 8. • 8. 2 ox — a. 4. • 

y b ab 

Page61.-6. 1=1«*. 6. 2«&-3a^ 7. a^-ac. 

y X 

g 6qcy-2acx, ^ 2^-3c. ^^ ^ __ ^ 

xy c 

-2x2 o8y*« «1 A2a kS^"* oSx* 

6a2y 9x3 12 z 6 9c»» 8 a 

7. 4£,. 8. i^^^ii^. 9. i4^. 10. «±^. 11. 2i£^J^. 



7a6« 3a 3 2 3 

— ! — • 14. • 

3x x-{-y 



12. c*-2d*. 18. ^L±_5. 14. ^^ 
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Page62. — 1. «+-. 2. 3x-l+?. a. xH«+l+i. 4.3+ — 

X z X ax 

6,6ab + ~ 6. a + ^. 7. 7a-4a;. g. 4x-8 + ^. 
5 a^ 6 as 

Page63. — 9. 3y + a6 + l. 10. 3a;-6--^. 11. 2a;a-l-^. 

12. aa + 4+-^. 18. 7a-6x-i u. 3 + 4a;y-— . 
4 a^ 9 X xy 

1. a-26 + — 2. l-3ac--^. 8. 1 - 2a*5 ---^. 

7o 3ac ^ 2a-»6 

4. 3-9y-lla-6a2y. 5. i _ 3 a-y + 4 ajiyi - _» . 

x^ 

^j- - 23x « 26a6 . 5ay ^ 17 a« , a»--&« 

o*. — 1. — -—• «. — - — • 8. —T^- 4. — = — • 0. • 

9 7 3 6 a 

a x^-y^ - a* -6* a 6ag-8a-f56 -. 8 q^ + 3 x + 5 

O. ^— 7. r— • O. • w. • 

X a2 2 2 a 

jQ x^ + 3 qx - qg ^^ 24 6 + 4 x + c ^g 10 mx + 2 w -f n« 

X * 3 ' 6x 

-o 31c-19q ,- 14-llq 

15. • 14. • 

Page 66.-1. §1^. 2. llf. 8. ^^. 4. ^. 6. I«^. 

^ 24 46 4& 62 12 

6. ^7&-7q, 7 130+23. ^ ^ 4&y-3x, 3 6x+^^ + ^ 
46 12 62 4x . 

10. 7y + l:ii^. 11. «^c2 + 62c« ^ ^252^ ^^ 7q + 6x^ 

^ 3x2 a6c 24 

18. l-4q+^^Jli?. 14. 6x + 8 + ^Il2x ^^ |r=^^ 

6a 3x 20 

16. 1»«5. 17. ?. 

24 c 

Page 67.-1. ^""^^ « 2. ^^"5 8. 4. 4. a. 6. 2 a-— . 

2 10 6x2y2 20 
6. -. 7. 0. ^ 
c 

Page 70.— 1. 24a62c2d2. 2. 1^. 8. 15a62cxy. 4. 12j?E^- 

6. 32 a26cx. 6. A. 7. J^. g. 1^. 9. ^. 10. J^. 

4 c 6a2 16 a6 32 28 c* 

,q6 oq~6 ,4 ox* . m — n ^ ac+ be a V^ 

d he 3 bd 2d 7^ 

„ 6 6d o 3a6 a 6d2 .a 3qx — 3 6x 
7. • o. • If. • lU. • 

ac 2xy Sa 2 a 

[39] 1. 5!«. s. 5^. 8. a»x. 4. i*»^. 
■^ ■■ 3d 2 4 06" 

Page 71.-6. i^. 6. i^- 7.-^. 8. ?!«. ». _i^. 
,„ bemx ^y^ 2 6 6a6« 2c 98cV 
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1. ^ 2. '^ + y- 8. 5. 4. ^±^. 6. ^1+^. 6. ^. 

6c2(a — 6) a c 4 c c y^m 

7. ^. 8. 2. 9. 5(^. 10. V^. 11. 1^:^. 18. 2. 

Page 75. — 1. 2. 2. 5. 8. 2. 4. 3. 6. 8. 6. 8. 7. 10. 8. 1. 
9. 7. 

Page 77. — 1. 6. 2. 6. 8. 3. 4. 7. 6. 11. 6. 1. 7. 7. 8. 4. 

9. 12. 10. 4. 11. 3. 12. 4. 18. 12. 14. 10. 15. 2. 16. 8. 

17. 10. 18. 3. 19. 6. 20. 35. 21. 3. 22. 6. 28. 6. 24. 8. 

25. 1. 26. 5. 27. 3. 28. 3. 29. 6. 30. 10. 31. 16. 32. 10. 83. 7. 

84. 9. 85. 13. 86. 2. 87. ~4. 88. 5. 89. 18. 40. 3. 

Page 78. — 41. 40. 42. 11. 48. 12. 44. 2. 45. 10. 46. 1. 47. 4. 
48. 4. 49. - 5. 50. 9. 51. 4. 52. 1. 58. 3. 54. 6. 55. 15. 
66. 16. 57. 12. 58. 24. 59. 20. 60. 10. 61. 12. 62. 5. 68. 10. 

Page 79.-67. 12. 68. 30. 69. 6. 70. 5. 71. 28. 72. 8. 73. 2. 

Page 80. — 74. 28. 75. 2. 76. 4. 77. 15. 78. 66. 79. 8. 80. 2. 

Page 81. — 2. Algebra, 50^; Diet., $4. 8. 42 children, 84 women, 
168 men. 4. Frank, 20 yr. ; sister, 10 yr. 5. 24 and 96. 

Page 82.-6. 30 and 45. 7. 19 and 31. 8. 50 and 100. 9. 40 and 
120. 10. 40 and 120. 11. 20 and 60. 12. 60 and 100. 18. Horse, $210 ; 
carriage, $160. 14. A, $1800; B, $900; C, $2700. 15. 18, 21, 24, 27. 

Page 83. — 16. Daughter, $10,000; son, $20,000; wife, $40,000. 
17. $70,000. 18. $1200. 19. 20 and 16. 20. 60. 21. 40 yr. 22. 60 yr. 
28. 48 gal. 24. 16. 25. 4. 

Page 84.-26. 20. 27. Charlie, $120; Frank, $80. 28. A, $2000; 
B, $1500; €,$1000. 29. 17. 80. 4. 81. 48. 82. Man, $2.60; son, 
$1.50. 88. Son, $1; father, $1.50. 84. $2000, $4000, $8000. 

85. 20, 21, 22. 86. $16 and 16 quarters. 

Page 85.-1. $1200. 2. $2000. 8. $240. 4. $5000. 5. $4.80. 

6. Cost, $480; gain, $180. 7. $2200. 8. $112. 9. 25%. 10. 20%. 

Page 87. — 1. $49. 2. $38.88. 8. $262.50. 4. $117. 5. $84. 

6. $2000. 

Page 88.-7. $500. 8. 5%. 9. 2 yr. 10. 4 yr. 

1. $162. 2. $110.50. 8. $408. 4. $400. 5. $800. 6. $1000. 

7. 6%. 8. 4J%. 9. 5 yr. 10. 4 yr. 6 mo. 

SECOND HALF YEAR 

Page 89.-1. 15+a5-y. 2. 6a2+14a+7 6-10. 8. iafl + Ux^ 
+ 3a;y2 + 3y8. ^. 2 my^ -{■ ny - S p. 5. llo*y + 9. 6.6a(a; + y). 
7. f a6 + 2J ay — J acy — i ox. 8. a + J 6 — |^ J c. 

Page 91. — 1. a^+Ua-^ 40. 2. x^-lSx-\- 22. 8. x'^ + xy-y-1, 
4. a;2_9. 6. a^-2a^b-\-2ab^-¥. 6. 6 a* -96. 7. 3x2+ 7*^+2 y^. 
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8. 2a5-4a«-32a+16. 9. 6«*-x»-3x«-17x-5. 10. a»-48a«+200. 
11. 4x82/ + 6a;2y2 4.a; + 2xy« + y. 12. ea^x - ax + 6a«- a - « - 1. 

18. 2 68-6 6-4. 14. x^+x^'-2xi/^-xy-^y^. 16. -m^-{-m^-\-m^n-mn^ 
-?i2+n8. 16. x«+l. 17. 3a2x3+4a2a;+aa5-4a-4. 18. ai2+xy+ ay- a«. 

19. 3x2 _ 8x - 16. 90. 2a2c2 + 3ac2 - 6c - 8. 

Page 92. — 1. l-x*. 2. 8a»-27 6«. 8. 48x»-92x2y-40xy2+iooy«. 
4. 2x* - 2y*. 6. x^" - y*», g. x*+i+ xy« - x*^ - y*+>. 7. x? - 6x« 
-46X-40. 8. x + y. 

Page 100. — 1. a+b. 9. x-y. 8. x4-3. 4. x-^4. 5. a^-2ab-\-b^. 
6. a2-a6 4-62. 7. 2x2-3x + 2. 8. a* + a«6 + a^ft^ + a6» + 6*. 

9. x-1. 10. x-3. 11. a + 7. 12. 6 + 2. 18. »i» + 2. 14. c* - 5. 

15. (to -9. 

Page 101. — 16. a2 + 9. 17. a^c^ - 4. 18. x» - 3. 19. aj« + y^. 

20. x8 + x2y 4- xy2 + y». 21. a« - a26 + a62 - 6« + -?-^. 22. 8x»-12a^ 

a -1- 6 

+ 18 X - 27. 23. 8 x8 + 12 x2 + 18 X + 27. 24. 4 a + 7. 26. x - y - «. 
26. y-ha. 27. 3a2-2a6-62. 
1. a + 6 6. 2. 4c-4d. 8. x*-y*. 4. 0^-4 a + 16. 6. a2+a6-62. 

6. 3(m + n)+4. 7. x*-y*. 8. a'-a+l. 9. x^ + y^. 10. a« + 6". 
11. a2 - a - 1. 

Page 106.-1. ««^. 2. ^. 8. i^ 4. ^. 6. ^. 

b*ifi ex xz (ui^ y^ 

fl 4a6 - 5a"^2" a 8 a« o 5xM -^ 3ac 
o. — rr-r* 7. • o. -• V. ; — • lU. — -— 

o 2c2v-2 , 4c-d2 6 0-362 *' 

ab"^ 2 a«6-i 2 c-»<i* 

Page 107. — 1. 17. 2. 6. 8. 7. 

Page 108.-4. 10. 5. 8. 6. 15. 7. 7. 8. 27. 9. -2. 10. a -6. 

11. 3a + 36. 12. 15 y. 18. 7 m. 14. ay -3 ax. 16. -x. 

16. 4a6 + 2c. 17. 4-2y. 18. y - x. 19. 26 + 8c. 20. y - x. 

21. 22a + 2 6. 22. 9a. 28. a. 

Page 114.— 2. -^ — 8. x + y. 4. -^. 6. ^^. 6. ^^. 

x + y a + 6 y — 1 x 

7. E^. 8. :^. 9. ^- 



a 36 3x 

Page 115. — 2. a -6+-^^. 8. a + 6 + .?^. 4. a + l+ ^ 



a + 6 a — 6 a — 1 

5. a^^a + 1, 6. a + 2+—^. 7. 6+^A.. 8. 3a -14+ ^ 



e. 3a. 10. x + ?^±^. ^-^-^ ^ + ' ''■^^ 

6x + 1 / 
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2 oy - 6 6y 2a;-l - Qx-1 . x» - 8 a; + 6 

a-& ' *• a-T 4 2A-2 ' 

6. 1^. 7. ^^. 8. ^^-^. 9. -^. 10. «illl«5. 
x + y 05—4 3x — 2a a + b a — b 

Page 116.-1. S^+^±6!. 2. ^^ 3. *J^. 4. «» + 4 

3a2-2 3a-3 a;--y a-x- 

8. -J^. 9. ^. 

Page 117.-1. ^ + ^+^^ . 9. ^±^1^. ,. --^. 

^ a? + 4x 2(x-y) a^ + x^ 

4. 2ay + 26y-6 ^ _^_, . 3 3-7a, ^ ^Ji£iii. 

3(a + 6) x^-y^ a^-{-Sa x(x + l) 

g 4a + 36 + &y+2cy4-6c g 2 x« + 6 x -^ 6x-2 

4(y + 3) ' • 4(x-3)' ' x2(x2 - 1) ' 

11 3 - X + y 

3(x-y)' 
1. -«L-. 2. -J-^ 8. ?5:::i4^. 4. 4^. 5. 1^ 



a2_5a y2-aJ» x^ - 9 x^ - 1 6x-3 

6 ^y 7 1 

' x2-y«' ' x^ + 5x + 6* 

Page 118.— 8. ^ ,^ » 9. -^-H-i^. 10. 1. 
® 4 x2 - 1 a« - a - 12 

Pagel20.— 1. a + x. 9. -^^ 8. aa + a-2. 4. — ^. 

a+x x+4 

5. (a^ + y)^ 6. — ^«— 7. + ^)' . 8. ^Il£^i20. 

X 2(a + 6) l + x^ 6 

9. J^. 10. ?. 11. -^. 12. ^. 18. ii^±2i. 14. ^^. 

x + y y 1+x 6 3y Sax 

1 «*-^ 2 '"^ qy - Q ^ - 2 q' + 4 a& ^ q*+'» 

0*6* ' 3 6y * &»+»* 

4 y-xy + x-1, 5^ xjfl^ g a'6(a - 5) , 

X X - 1 a^ _ aft 4. 62 

Page 122.— 1. -3. 2. 3. 8. 6. 4. 8. 6. 6. 

1. 20. 2. 8. 8. a + 1 - ^. 4. — 5. — • 6. 2. 

b 2 a — 1 bm 

Page 125. — 1. 240. 2. 3. 8. 63. 4. 45. 6. — • 6. 22. 
7. 26. 8. 24. 9. 9. 10. 6. ^ 

1. 2a2c». 2. J. 

Page 126.- 8. $29. 8. 28. 4. 16. 6. 150 ba. 6. 28 men. 
7. 9300. 8. 18 da. 9. 13 yr. 10. $375. 11. 22 da. 
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Page 129.-1.;; = 2. j,x = 3. ,« = 1, ^^ = 4, 

^' y = 10. *'• y = 7. ^- y = 8. ■' y = ll. 

Page 130.— 9. ^ = ?' 10. J = ?k 11. * = ?' 12. ^"^^ 

■» y = 5. y = 12. y = 1. y = 9. 

"• y = 4. "• ;5 = 4. "• ;5 = 5. ^^' y=-10. 

Psff A 131 17 « = o, -n oc = 24, -|| X = 36, nn X = 18, 

I'agex^j.. i7. y^g 18. y^24. '^*- y = 24. ^- y = 48. 

Page 132.-1. j^^j^j »• y = 8. *• y = 7. *' y = 8. 

- x = 12, g a; = l, 
®- y = 17. *• y = l. 

Page 133.-1. ^^^l^. 2. ^^|; 8. ^=j2; 4. ^=^; 

*• y = 6. "• y = 9. '• y-9. •• y = 6. 
Page 134. -6. * = f5_ 6. ^Z^ 

^- y=14. *• y = 24. 

- X = 2, a X = 7, ^ X = 20, - X = 12, - X ^ 24, 

^' y = 10. '*• y = 21. '• y = 5. ** y = 18. ^' y = 6. 

|. X = 24, M X = 6, 2 X = 6, 

^ y=12. ^- y = 8. ■' y = 14. 

Page 136. —1. Sheep, $ 7 ; pigs, ^ 8. 2. 12,10. 3. 45^,35^. 
4. 44 yr., 40 yr. 6. Men, $2; boys, ^1. 6. $ 364, $264. 7. Father, 
72 yr. ; son, 48 yr. 8. 120, 160. 

Page 137.— 9. |. 10. }. 11. }f. 12. A, $30; B, $40. 

18. 10 yr. and 40 yr. 14. Carriage, $ 150 ; horse, $200. 16. A, $5000; 
B, $ 7500. 16. Man, 27 yr.; wife, 23 yr. 17. 10 and 5. 

Pagel38. — 18. Fii-st, 40^; second, 30^; third, 20^; fourth, 10^. 

19. A, $2400; B, $1200; C, $1600; D, $800. 20. $150, $40. 
21. 30 and 20. 22. 70 and 20. 23. 9 in. and 8 in. 24. 31 in. and 21 in. 

Page 139. — 1. $2500; 20%. 2. $6000; 20%. 8. $400; 4 yr. 
4. $ 2000 ; 8 yr. 6 mo. 5. $1600; 5%. 6. $2000; 7%. 
Page 141. — 1. ±7. 2. ±9. 3. ±6. 4. ±5. 6. ±3. 6. ±4. 

7. ±6. 8. ±5. 9. ±9. 10. ±2. 

Page 142. — 11. ±6. 12. ±10. 13. ±2 a. 14. ±7. 16. ±3. 
16. ±2. 
2. 6. 3. 3 and 9. 
Page 143. — 4. 4 and 8. 6. 90 ft. and 50 ft. 6. 30 ft. and 90 ft. 7. 27. 

8. 16 and 4. 9. 3 and 5. 10. 7 and 11. 11. 2 and 8. 12. 4 ft. 
18. 4 and 8. 

Page 144. — 1. 6 and 10. 2. 20. 3. 4. 4. 8 yr. 6. 9. 



BARNES'S NEW HISTORIES 
OF THE UNITED STATES 



BARNES'S ELEHlEirrAItT BISTORT OF THE UlflTED STATES 

Told in Biographies by James Baldwin. Cloth, i2mo, 

360 pages. With maps and illustrations .... $0*60 

BARHES'S SCHOOL HISTORY OF THE UNITE]) STATES 

Thoroughly revised and brought down to date. Half 
leather, 8vo, 43a pages. With maps and illustrations 1.00 



THESE Standard and popular histories have been thoroughly 
modernized, both as to appearance and contents. They 
offer present-day views of history and methods of teaching. 
The larger book has been revised in every particular, and the 
smaller one entirely rewritten by that charming and well-known 
writer for children, Dr. James Baldwin. 

The Elementary History tells the story of the country 
in a series of biographies of important men as recommended 
by the Committee of Fifteen. The incidents narrated show 
the manners of the time, and the stories are all intensely inter- 
esting. The numerous illustrations form an important aid to 
the understanding of the text. 

In the School History, while the fascinating literary style 
and the remarkably successful distinctive features of the original 
volume have been retained, greater prominence has been given 
to industrial and social development. References for collat- 
eral reading have been inserted at frequent intervals, and many 
new maps and pictures introduced. 

Write for illustrated descriptive circular. 



AMERICAN BOOK COMPANY, Publishers 

NEW YORK . CINCINNATI . CHICAGO 

(»«») 



Webster's School Dictionaries 

REVISED EDITIONS 



WEBSTER'S SCHOOL DICTIONARIES in their revised form con- 
stittite a progressive series, carefully graded and especially adapted for 
Primary Schools, Common Schools, High Schools, Academies, and pri- 
vate students. These Dictionaries have all been thoroughly revised, 
entirely reset, and made to conform in all essential respects to that great 
standard authority in English,— Webster's International Dictionary. 

WEBSTER'S PRIMARY SCHOOL DICTIONARY . . $0.48 

Containing over 30,coo words and meanings, with over 400 
illustrations. 

WEBSTER'S COMMON SCHOOL DICTIONARY . . . $0.72 

Containing over 25,000 words and meanings, with over 500 
illustrations. 

WEBSTER'S HIGH SCHOOL DICTIONARY .... $0.98 

Containing about 37,000 words and definitions, and an appendix 
giving a pronouncing vocabulary of Biblical, Classical, Mythological, 
Historical, and Geographical proper names, with over 800 illustrations. 

WEBSTER'S ACADEMIC DICTIONARY. Cloth, $1.50; Indexed, $1.80 

The Same .... Half Calf, $2.75 ; Indexed, $3.00 

. Abridged directly from the International Dictionary, and giving the 
orthography, pronunciations, definitions, and synonyms of the large 
vocabulary of words in common use, with an appendix containing 
various useful tables, with over 800 illustrations. 



SPECIAL EDITIONS 

Webster's Count! nghousa Dictionary . . Sheep, Indexed, 
Webster's Condensed Dictionary . Cloth, $1 .44 ; Indexed, 

The Same . . . Half Calf, $2.75 ; Indexed, 
Webster's Handy Dictionary 
Webster's Pocket Dictionary. Cloth 

The Same. Roan Flexible . 

The Same. Roan Tucks 

The Same. Morocco, Indexed 
Webster's American People's Dictionary and Manual 
Webster's Practical Dictionary .... 



$2.40 
1.75 
3.00 
.15 
.57 
.69 
.78 
.90 
.48 
.80 



Copies of any of Webster^ s Dictionaries will he sent^ prepaid^ to anf 
address on receipt of the price by the Publishers : 



New York 
(X04) 



American Book Company 

Cincinnati ♦ 



Chicago 



Leading Geographies 

NATURAL GEOGRAPHIES 

Elementary, f 0.60 Advanced, f x*25 Brief, fo.8o 

THE fundamental thought of these widely used books is 
Earth as the Home of Man. While the main facts of 
physical geography are admirably set forth, this is not 
done to the neglect of commercial and political features. 
Corresponding maps are drawn to the same scale, because 
by no other method can the relative size of different coun- 
tries be shown. Illustrations, diagrams, topics for oral and 
written work, and suggestions for collateral reading are among 
other points of superiority. The Brief Greography forms a 
one-book course. 

MORTON'S GEOGRAPHIES 

Elementary, $0.55 Advanced, f x.20 

THE general excellence of these text books is indisputable. 
The subject is presented in a simple, clear, and logical 
manner, the text being written in a style easily under- 
stood by children. The maps are conspicuous for their beauty 
and distinctness, and the illustrations are tmusually artistic and 
attractive. 

RODDY'S GEOGRAPHIES 

Elementary, f 0.50 Complete, f z.oo 

THESE geographies are intended primarily as an *' informa- 
tion " series, yet the causal relations, while by no means 
ignored, are kept within elementary bounds. The books 
are notable for their brevity of statement, their simplicity of 
presentation, and their excellent maps. Just enough physiog- 
raphy is included to develop the subject of geography funda- 
mentally in its true relations and to give the study a new 
interest. 

TARBELL'S GEOGRAPHIES 

Introductory, I0.50 Complete, f z.oo 

IN these books the subject is treated in a simple, concrete 
manner, inductive in the earlier portions and deductive in 
the later treatment. Physiography is made the foundation 
of the study; and industrial and commercial geography, depen- 
dent largely on physical geography and closely connected with 
htunan interests, are considered of great importance. The 
maps, illustrations, and system of reviews are all noteworthy. 

AMERICAN BOOK COMPANY 

PUBLISHERS 



The Ideal Language Series 

Steps In English 

By A. C. McLean, A. M^^ Principal of Luckey Schools, 
Pittsburg; Thomas C. Blaisdell, A. M., Professor of 
English, Fifth Avenue Normal High School, Pittsburg; 
and John Morrow, Supt. of Schools, Allegheny, Pa. 

BOOK I - $0.40 BOOK II - $0.60 



THESE books constitute a distinct innovation in teach- 
ing language in elementary schools, which is at once 
sensible, practical, and modern. They teach the child 
how to express his thoughts in his own language, and do 
not furnish an undue amount of grammar and rules. 
They mark out the work for the teacher in a clearly 
defined ftianner by telling him what to do and when to 
do it. From the start lessons in writing language are 
employed simultaneously with those in conversation ; and 
picture study, study of literary selections, and letter 
writing are presented at frequent intervals. The lessons 
are of a proper length, well arranged and well graded. 

This series is free from the many faults found in other 
books of a similar nature. The work is not based on an 
antiquated plan, but is particularly suited to modern con- 
ditions. It does not shoot over the heads of pupils, nor 
does it show a marked effort in writing down to the sup- 
posed level of young minds. The books do not contain 
too much technical grammar, nor are they filled with 
sentimental twaddle and gush. 



AMERICAN BOOK COMPANY 

NEW YORK CINCINNATI CHICAGO 

t77a] 



THE NATURAL 
COURSE IN MUSIC 

By FREDERIC H. RIPLEY and THOMAS TAPPER 



HARMONIC SERIES— Six Books 

This series, the newest of the well-known Nattiral Music 
Course, is a working course of power-giving quality; it 
affords children an easy mastery over musical symbols; it 
enables them to render appreciatively and agreeably the 
printed page; it promotes a love for music, rather than a 
mere attachment for a few songs ; it develops the auditory 
imagination; and it makes the power to express musical 
thoughts a familiar possession. From the nrst lesson to 
the last the child is trained to enjoy pure music, and is 
carefully drilled in each step as it occurs in the books and 
charts. 

NATXTRAL MUSIC SERIES— Seven Books 

Among the notable characteristics of this series are ade- 
quate prominence given to the element of rhythm, proper 
attention to tone-production, effective treatment of clio- 
matics — an essential but often neglected subject in view 
of its great use in modem music — and abundant dictation 
exercises, which afford a training in self-expression and 
originaUty, and form an important aid in learning to read 
music. 

SHORT COURSE IN MUSIC— Two Books 

Designed for graded or ungraded schools in which a more 
complete course is either unnecessary or impracticable. 
Partictilarly adapted to those schools which have no special 
teacher of music. 

ROTE SONG BOOK— (First Steps in Music) 

Contains a carefully prepared series of music lessons for 
beginners, with ample directions and appropriate material 
for use during the first year in school. The songs are 
simple in character and well suited for yotmg children. 

CHARTS— Seven Sets 

These furnish valuable drill exercises supplementary to 
those in the readers, and are intended to be used in con- 
junction with the books. Each new difficulty encountered 
in the latter is first made clear by smtable exercises in the 
charts. 

AMERICAN BOOK COMPANY 

[mo] I 



Overton's Applied Physiology 



By frank OVERTON, A.M., M.D. 
Late House Surgeon in the City Hospital, New York City. 

OVERTON'S APPLIED PHYSIOLOGY— Primary ... 30 cents 
OVERTON'S APPLIED PHYSIOLOGY— Intermediate . . 50 cents 
OVERTON'S APPLIED PHYSIOLOGY— Advanced . . 80 cenU 

These books form a complete series for the study of 
physiology in all grades. The Primary Book follows a 
natural order of treatment and presents the elementary 
facts and principles of physiology in so simple a way 
as to bring them within the comprehension of children. 
The Intermediate Book is designed to be a complete 
elementary text-book in itself and an introduction to 
the advanced study of anatomy and physiology. The 
Advanced Physiology is designed to meet the require- 
ments of teachers and schools for a text-book of Physiology 
and Hygiene for Higher Grades, which should combine the 
latest results of study and research in biological, medical, 
and chemical science and the best pedagogical methods of 
science teaching. The book represents a new and radical 
departure from the old-time methods pursued in the 
teaching of physiology. 

The fundamental principle of the series is that the 
study of anatomy and physiology should be the study of 
the celly from the most elementary structure in organic 
life, to its highest and most complex forms in the human 
body. The effects of alcohol and other stimulants and 
narcotics are treated very fully in each book of the series. 

Illustrations and outline diagrams are inserted wherever 
needed to exolain the text. 



Copies of Overton* s Physiologies will be sent^ prepaid^ to any address an 

receipt of the price, 

American Book Company 

Mew York ♦ Cincinnati ♦ Chicago 

(ISO) 



Barnes's Natural Slant Penmanship 



The system of writing represented in these new copy 
books combines all the advantages of the vertical with the 
speed and beauty of regular slant writing. 

It is well known that an extreme slant tends to angu- 
larity, while vertical writing is usually slow and tends to 
an unsightly back-hand or irregular slant. If left to 
themselves, without specific directions, children naturally 
fall into a certain slant in writing, — intermediate between 
vertical and slant writing. This natural slant has been 
adopted as the standard in these copy books. 

Forms of Letters. — Natural Slant copies are de- 
signed to be written^ not printed. They have the simplicity 
and the full, round, open style of the best vertical forms, 
but avoid some of the extremes and eccentricities that 
have characterized that style of writing. In every instance 
the form of capital employed has been selected, first, 
because of its legibility; second, because of its ease of 
execution; and third, because of its graceful form. Every 
copy is sensible and significant^ and as nearly as possible the 
subject matter relates to topics which interest the pupils 
of the grades for which the respective books are intended. 
In other words, the writing exercises are made to correlate 
with the other branches of study pursued in the schools. 

The Series includes Books A, B, C, and D, small size, 
illustrated, to be written with pen or pencil, and Books i to 8, 
full size, the first two books illustrated. A set of penman- 
ship Wall Charts in four sheets is published to accom- 
pany this series of copy books. 

BOOKS A, B, C, and D, per dozen $0.60 

BOOKS 1 to 8. per dozen 75 

CHARTS, per set of four sheets 1.50 



Copies sent to any address^ prepaid ^ on receipt of prit$, 

American Book Company 

New York ♦ Cincinnati ♦ Chicago 

(43) 



Baldwin's School Readers 

By James Baldwin 

Editor of ** Harper's Readers,** Author of **01d Greek Stories,** **01d 

Stories of the East," etc. 

In method and in subject matter, as well as in artistic 
and mechanical execution^ these new readers establish an 
ideal standard, equally well adapted for city and country 
schools. They possess many original and meritorious 
features which are in accord with the most approved 
methods of instruction, and which will commend them to 
the best teachers and the best schools. The illustrations 
are an important feature of the books, and are the work 
of the best artists. They are not merely pictures inserted j 

for the purpose of ornament, but are intended to assist 
in making the reading exercises both interesting and 
instructive. 

BALDWIN'S SCHOOL READERS— EIGHT BOOK EDITION 

First Year, 128 pp. 25 cents Fifth Year, 208 pp. 40 cents 

Second Year, 160 pp. 35 cents Sixth Year, 240 pp. 45 cents 

Third Year, 208 pp. 40 cents Seventh Year, 240 pp. 45 cents 

Fourth Year, 208 pp. 40 cents Eighth Year, 240 pp. 45 cents 

For the convenience of ungraded schools, and for all 
who may prefer them in such combined form, an edition 
corresponding to the ordinary five book series of school 
readers will be furnished as follows: 

BALDWIN'S SCHOOL READERS-FIVE BOOK EDITION 

First Year, 128 pages 25 cents 

Second Year, 160 pages 35 cents 

Third Year, 208 pages 40 cents 

Combined Fourth and Fifth Years. 416 pages . . 60 cents 

Combined Sixth and Seventh Years. 480 pages . • 65 cents 

CopUs of any of the above books will be sent, prepaid^ 

OH receipt of the price, 

Annerican Book Company 

N«w York ♦ Cincinnati • Chlcagi» 

Ci) 



\ 



